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1. INTRODUCTION

Turbulent scalar fluxes are determined by
correlating vertical velocity measurements, com-
monly made on towers with a sonic anemometer,
with scalar density measurements made with an
appropriate fast response sensor, e.g. an open–
path optical–absorption hygrometer in the case
of water vapor fluxes. In order to avoid flow
distortion errors in the velocity measurements, in–
situ scalar sensors must be displaced from the
measurement volume of the sonic anemometer.
Unfortunately this causes a decorrelation of the
velocity and scalar density measurements and a
reduction in the measured flux. As noted by
Kristensen et al. (1997), it is expected that the
attenuation of the measured flux will be “an
increasing function of the ratio of the sensor
displacement and the scale of the turbulence”.
In the surface layer, the integral scale of the
vertical velocity component increases with height,
and therefore the flux attenuation will increase
with the ratio of sensor displacement to the
measurement height. The measured flux can be
corrected simply by dividing it by the estimated
fractional attenuation of the measured flux.

Two recent papers examined this issue with
extensive data sets that used temperature as the
measured scalar variable, with the assumption
that by scalar similarity the observed attenuation
in the heat flux can be applied equally as
well to other scalar fluxes (Hill, 1989). Lee
and Black (1994, hereafter LB) collected data
during neutral to unstable stratification using
two horizontal, orthogonal, linear arrays of five
thermocouples each, combined with a vertical–axis
sonic anemometer and thermocouple co–located
at the intersection of the two arrays. They
computed the displaced scalar flux F (rx, ry) by
eddy covariance using thermocouples displaced
from the sonic anemometer by r/z ranging from
0.07 to 1.23, as well as the scalar flux with co–
located sensors, Fo ≡ F (0, 0). Here (rx, ry) are the
streamwise and crosswind sensor displacements,
r2 ≡ r2

x + r2
y , and z is measurement height.

LB found that their observed fluxes were in
good agreement with their formula

F (rx, ry) = Fo exp[−α(θ)φhφ1/3

ε (r/z)4/3] .
(1)

Here φh and φε are the usual dimensionless
micrometeorological functions that describe the
dependence of the vertical potential temperature
gradient and turbulent dissipation on atmospheric
stability, z/L, where L is the Obukhov length. LB
derived the functional dependence of F (rx, ry) on
z/L and (r/z)4/3 with the assumption of inertial
range scaling, that is, the sensor displacement was
assumed to be small enough to be comparable to
inertial–range turbulence scales.

The dependence of Eq. (1) on wind direction
is

α(θ) = 1.18(cos2 θ + 2.4 sin2 θ)2/3 , (2)

where θ is the wind direction with respect to the
direction of the sensor displacement. LB based
the functional dependence on wind direction on
the assumption that the turbulent eddies have
an elliptical shape in the horizontal, while the
numerical coefficients in (2) were found from
an empirical fit to their observations. Eq. (2)
implies that the decorrelation of vertical velocity
and temperature is more than twice as sensitive
to crosswind displacement (θ = π/2) than to
streamwise displacement (θ = 0).

Kristensen et al. (1997, hereafter KMOW)
measured scalar flux attenuation caused by both
horizontal and vertical displacements. The fluxes
with horizontal displacements were measured for
three values of r/z, 0.083, 0.17, and 0.25, and 90%
of their data fall within the ranges −2 < z/L < 0
and |90◦ − θ| < 45◦ (equivalently, ry > rx).
Within these ranges, KMOW did not observe “any
systematic variation” of F (rx, ry)/Fo with wind
direction and “no large variation” with stability.
Then, with the assumption that F (rx, ry)/Fo is
independent of wind direction, they find

F (rx, ry) =

∫

∞

−∞

Cowc(k) cos(kr) dk , (3)



where k is wavenumber and Cowc(k) is the cospec-
trum for co–located measurements of vertical
velocity and scalar density. KMOW model the
cospectrum by fitting observations to

Co (k) =
A(µ)Fo

km[1 + 0.75(k/km)2µ]7/6µ
, (4)

where km = 2πnm/z is the wavenumber at the
peak of the wavenumber–multiplied cospectrum
kCo (k). Using µ = 0.23 and nm = 0.07, they
find that the predictions of Eqs. (3–4) provide a
reasonable match to their data. Since their data
and the predictions of Eqs. (3–4) both fall within
the range predicted by Eqs. (1–2) for θ = 60◦

and −2 < z/L < 0, KMOW also note that
“our measurement and theory are not in direct
contradiction with Lee and Black”.

Despite the valuable field observations and the
theoretical advances found in the papers by Lee
and Black (1994) and Kristensen et al. (1997),
there remain contradictions between these two
papers and the range of the available data is
limited. LB observe a dependence of F (rx, ry)/Fo

on (r/z)4/3 which theoretically should only apply
for very small sensor displacements. They also
find a dependence on stability and wind direction
which apparently is not observed in the KMOW
data. Further, neither paper contains significant
amounts of data for horizontal displacements in
stable stratification. The present paper attempts
to shed some light on these issues using a recent
data set from the Horizontal Array Turbulence
Study (HATS) field project.

2. Theoretical Analysis

The cross covariance measured with a spatial
sensor displacement r = (rx, ry, rz) is equal to

w′(x)c′(x + r) =

∫ ∫ ∫

∞

−∞

eik·rΦwc(k) d3k (5)

=

∫

∞

−∞

eik1r Crwc(k1) dk1 .(6)

(e.g. Lumley and Panofsky, 1964, p. 26ff). Here
k = (kx, ky , kz), Φwc(k) is the three–dimensional
cross spectrum between vertical velocity and
scalar density at the same location, k1 is the
wavenumber parallel to the spatial displacement,
i.e. k · r ≡ k1r, and Crwc(k1) is the one–
dimensional cross spectrum along k1,

Crwc(k1) ≡

∫ ∫

∞

−∞

Φwc(k) dk2dk3 . (7)

The cross spectrum can be separated into real and
imaginary parts,

Crwc(k1) = Cowc(k1) − iQwc(k1) , (8)

where Cowc(k1) and Qwc(k1) are the one–
dimensional cospectrum and quadrature spec-
trum, respectively. For co–located variables, it can
be assumed that Qwc � Cowc, and therefore,

F (r) =

∫

∞

−∞

Cowc(k1) cos(k1r) dk1 . (9)

If r lies in the horizontal plane and it is assumed
as in KMOW that Co (k1) is circularly symmetric,
then Eq. (3) follows from (9). In the more general
case, Eq. (9) is most useful when r is in the
streamwise direction, because with the assumption
of Taylor’s hypothesis we can estimate the form of
Co (kx) from time series data.

If it is assumed that the KMOW one–
dimensional cospectrum, Eq. (4), applies in any
direction, then Eq. (9) can be written as

F (r) = A(µ)Fo

∫

∞

−∞

cos(k1mrk′)

[1 + 0.75k′2µ]7/6µ
dk′ ,

(10)
where k′ = k1/k1m and k1m is the wavenumber
at the maximum of the wavenumber–multiplied
cospectrum along the coordinate parallel to r.
Thus we obtain the useful result that F (r) =
f(k1mr, µ). The independent variable k1mr can
be written either in the form 2πr/λ1m, where
λ1m is the wavelength of the cospectral maximum
parallel to the sensor displacement, or in the form
2πn1mr/z, where n1m = z/λ1m is a dimensionless
function of stability (Kaimal et al., 1972). Thus
the independent variable k1mr contains explicitly
the expected dependence on r/λ1m or r/z noted in
the Introduction, as well as an implicit dependence
on stability and wind direction. Using the
HATS data, to be described in the next section,
we find that the KMOW cospectrum provides
a reasonable fit to streamwise cospectra with
µ ' 1/4 for unstable stratification and µ '
1/2 for stable stratification. Using the KMOW
cospectrum, we can then estimate flux attenuation
by numerically integrating (10) and investigating
its dependence on k1mr and stability.

We first examine the result of LB that the
flux attenuation depends on (r/z)4/3. Assuming



a form of Co (k) appropriate for inertial turbu-
lence, KMOW integrate (3) and obtain a result
equivalent to that of LB,

F (r) ≈ Fo[1 − (9/4)B Γ(2/3) (r/z)4/3] , (11)

where B is a stability–dependent parameter.
Figure 1 shows the quantity 1 − F (r)/Fo as a
function of kmr, obtained by numerical integration
of KMOW stable and unstable cospectra and
the Kansas (streamwise) neutral cospectrum of
Kaimal et al. (1972). Also shown are asymptotes
to these curves corresponding to the inertial
range result, 1 − F (r)/Fo ∼ (r/z)4/3. It can
be seen that the flux attenuation for realistic
cospectra is dependent on (r/z)4/3 only for sensor
displacements so small that F (r)/Fo ≥ 0.99.
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Figure 1. Test of Eq. (1), F (r)/Fo ∼ (r/z)4/3.

Alternately, an analytical formula for the
flux attenuation can be obtained by assuming a
cospectrum of the form,

Co(k) =
2

πkm[1 + (k/km)2]
. (12)

Although this cospectrum departs from the the-
oretical inertial–range slope of -7/3 used in the
KMOW cospectrum, Horst (1997) finds that it
provides a close match to the Kansas stable
cospectrum of Kaimal et al. (1972). With this
cospectrum, Eq. (9) can be integrated analytically
to obtain

F (r) = Fo exp (−kmr) . (13)

Figure 2 shows F (r)/Fo as a function of kmr for
the same cospectra used in Figure 1 and compares
them to the formula of Eq. (13). This formula
departs significantly from the flux attenuation
estimated for neutral and unstable stratification,
but for stable stratification it provides a very good
match for flux attenuation as large as 50%.
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Figure 2. Test of Eq. (13), F (r)/Fo = exp (−kmr).

3. HATS Field Observations

The Horizontal Array Turbulence Study
(Horst et al., 2004) collected data from two
parallel, horizontal arrays of sonic anemometers
oriented in the climatological crosswind direction.
The two arrays, labeled s and d, were composed
of 5 and 9 equally–spaced sonic anemometers
respectively, with one array located directly above
the other as shown in Figure 3. Table 1 lists the
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Figure 3. Schematic of the two HATS horizontal
sonic arrays at heights {zd, zs} agl and with
crosswind sonic separations {Ss, Sd}.



heights and sonic spacings of the four HATS
configurations. An aerodynamic displacement
height hd of 32 cm and a surface roughness length
of 2 cm were calculated from near–neutral wind
profiles measured at the site. The range of
r/(zagl−hd) for HATS is 0.13–8.56. Two sonics
were also mounted at heights zs and zd on each of
two additional towers, which were located along
a line normal to the crosswind sonic arrays for
the purpose of measuring the turbulence advection
velocity. The following results were calculated
from 49 stationary, 25–60 minute periods which
were selected to cover a wide range of stability
from each of the four sonic configurations.

Table 1. HATS Transverse Array Dimensions (m)

zd Sd zs Ss

Configuration (m agl) (m) (m agl) (m)

1 3.45 3.35 6.90 6.70
2 4.33 2.17 8.66 4.33
3 8.66 2.17 4.33 1.08
4 4.15 0.50 5.15 0.63

4. Streamwise Sensor Displacements

In order to investigate flux attenuation caused
by spatial sensor displacement, virtual tempera-
ture fluxes were calculated by correlating sonic
anemometer measurements of vertical velocity w
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Figure 4a. Flux attenuation for streamwise sensor
displacements and unstable stratification.

and temperature derived from the speed of
sound, tc. The fluxes for streamwise sensor
displacements, F (rx), were estimated by assuming
Taylor’s hypothesis and lagging the time series for
one variable by δt=rx/Ua with respect to the other
variable for each sonic. Here Ua is a turbulence
advection velocity equal to 1.06 times the mean
wind speed. Ua was estimated as d/∆t, where d is
the streamwise separation of the HATS advection
towers and ∆t is the time lag required for maxi-
mum correlation between w′ and tc′ measured at
the two towers. Positive rx corresponds to the
scalar measurement downstream of the vertical
velocity measurement. The flux attenuation was
determined for each analysis period by dividing
F (rx) by the co–located flux Fo for each sonic and
then averaging the flux ratios over all sonics at
each height.

Figures 4a and 4b show flux attenuation for
unstable and stable stratification, respectively.
Here kmx were determined by fitting the KMOW
cospectrum, Eq. (4), to the (co–located) HATS
streamwise cospectra using kx = 2πf/Ua, where f
is frequency. The data points are the medians of
the measured flux attenuation within each kmxrx

interval. The vertical lines with each point denote
the quantiles of its corresponding data distribution
for 15% and 85% cumulative probability, which
are equivalent to ± one standard deviation for a
normal distribution.
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Figure 4b. Flux attenuation for streamwise sensor
displacements and stable stratification.



Points are shown separately for positive and
negative streamwise sensor displacements. Flux
attenuation with the scalar sensor upwind of
the sonic (δt < 0) is systematically less than
that for the opposite configuration, although the
difference between the two displacements is often
less than the total range of the data for each
kmxrx interval. The noticeable asymmetry for
positive and negative displacements is present for
all stabilities and is thought to be a consequence of
the asymmetric plume structure commonly found
in the surface layer for temperature as well as
other scalars. These plumes are characterized by
sharp scalar fronts at their leading edge, and this
structure causes the scalar flux to decay more
rapidly for positive sensor displacements than for
negative displacements.

As suggested by the empirical cospectral for-
mulas used in Figure 2, F (rx)/Fo as a function
of kmxrx is noticeably different for stable and
unstable stratification, but with little systematic
dependence on stability within either stability
class. Curves are shown for both the exponential
attenuation model, Eq. (13), and for the numerical
integration of the KMOW cospectrum, Eq. (10).
The mean of the HATS data for positive and
negative rx is matched quite closely by Eq. (10)
with µ = 0.25 for unstable stratification and
µ=0.5 for stable stratification, with the exception
of attenuation greater than 50% for unstable
stratification. The stably stratified HATS data is
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Figure 5. Dimensionless frequency at the maxima
of the streamwise and crosswind cospectra.

also matched quite well by the exponential model
for flux attenuation up to 50%. As will be
shown next, kmx varies over a wide range for
stable stratification, and thus without kmx in the
abscissa, the data would not collapse as closely to
a single relation as seen here.

Figure 5 shows nmx = fmz/Ua as a function of
z/L for the HATS data. For unstable stratifica-
tion, nmx is roughly constant, but exhibits a great
deal of scatter, which is associated with large case–
to–case variations in the low wavenumber portion
of the scalar flux cospectrum. However for near–
neutral and stable stratification, nm increases
systematically, changing by a factor greater than
10. This overall behavior is identical to that found
by Kaimal and Finnigan (1994) with previous data
sets. The HATS data are fit by the empirical
formula,

nmx = (14)
{

0.066, z/L ≤ −0.1;
2.18− 2.114/(1.015 + 0.15z/L)2, z/L > −0.1.

5. Crosswind Sensor Displacements

The fluxes for crosswind sensor displacements,
F (ry), were calculated after projecting the HATS
data from each of the two arrays onto lines normal
to the mean wind direction by lagging the data
from each sonic by δt = jS sin Θ/U . Here Θ is
the mean wind direction at each height relative
to the array normal (Θ = 0 for wind normal to
the array) and j is the integer position of each
sonic in the array relative to the central sonic, e.g.
for the 9–sonic d array, −4 < j < 4. Because of
the need to project the data onto the crosswind
direction, data for crosswind sensor displacements
were limited to wind directions within ±33◦ of
the array normal. The flux attenuation for each
crosswind spatial displacement was determined by
averaging together all possible sonic combinations
with a given separation. Figure 6 shows the flux
attenuation as a function of kmyry . For crosswind
displacements, kmy was estimated for each data
period and height by a fit of the exponential
model to the flux attenuation data. As can
be seen, the data correspond reasonably well
to the exponential attenuation model across the
entire range of stability, particularly for unstable
stratification.

Figure 5 also shows nmy as a function of z/L.
The dependence of nmy on stability is very similar



to that for nmx, but nmx is systematically smaller
than nmy. This occurs because vertical shear
elongates the eddies in the streamwise direction,
placing the peak of the streamwise cospectrum
at lower wavenumbers. As a consequence, the
scalar flux decays more slowly in the streamwise
direction than in the crosswind direction. For
unstable stratification, the difference in decay
rates is greater than a factor of 2, while for stable
stratification the difference is only about 15%.
The HATS data are fit by the empirical formula,

nmy = (15)
{

0.15, z/L ≤ −0.05;
2.43− 2.28/(1.01 + 0.2z/L)2, z/L > −0.05.
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Figure 6. Flux attenuation for crosswind sensor
displacements.

6. Dependence on Wind Direction

Although we have separated the flux attenua-
tion analysis into crosswind and streamwise sensor
displacements, the general case will be composed
of some combination of the two displacements,
r = (rx, ry). If the horizontal cross section of an
eddy is assumed to be elliptical, as suggested by
LB, then

1

λ2
m(θ)

=
cos2 θ

λ2
mx

+
sin2 θ

λ2
my

, (16)

or equivalently,

km(θ) = (k2

mx cos2 θ + k2

my sin2 θ)1/2 . (17)

LB’s dependence on wind direction, Eq. (2), is
similar to Eq. (17) with an implied value of
kmy/kmx=2.42/3=1.8. Correspondingly, Eqs. (14-
15) for the HATS data give 1.5 ≤ kmy/kmx ≤ 2.3
for neutral to unstable stratification, the range of
LB’s data.

Then, since cos θ = rx/r,

kmr = (k2

mxr2

x + k2

myr2

y)1/2 . (18)

If it is further assumed that

Ax ≡ F (rx)/Fo = exp(−kmxrx) (19)

Ay ≡ F (ry)/Fo = exp(−kmyry) (20)

F (rx, ry)/Fo = exp(−kmr) , (21)

then

F (rx, ry) = Fo exp
[

−
(

ln2 Ax + ln2 Ay

)1/2
]

.

(22)
Note that with the exception of streamwise dis-
placements combined with unstable stratification,
Eqs. (19–20) have been found to be good approx-
imations to the HATS data.

The validity of Eq. (22) can be tested directly
with the HATS data using observations of Ax, Ay,
and F (rx, ry)/Fo. Figure 7 shows F (rx, ry)/Fo for
a moderately unstable case, z/L=−0.4, as a func-
tion of θ, the wind direction relative to the sensor
displacement. The data are plotted separately for
each of the eight crosswind sensor displacements
available in the d–array of the fourth HATS sonic
configuration, with ry/z ranging from 0.13 to 1.04.
The discrete data points are the observed values
of F (rx, ry)/Fo, with each point corresponding to
a streamwise sensor displacement nUaδt where δt
is the sample spacing of the time series data, 0.05
sec. The lines on the plot are the predictions of
Eq. (22) using the corresponding observed values
of Ax and Ay.

As can be seen, Eq. (22) is identically valid
for θ = 0◦, 90◦ and 180◦ and, for flux attenuation
less than about 40%, is a very good approximation
for all wind directions. The error increases with
increasing sensor displacement, and the maximum
errors occur roughly in the two ranges 15◦ <
θ < 45◦ and 135◦ < θ < 165◦. The maximum
errors are shifted to wind directions less than
45◦ and greater than 135◦ (or rx >ry) because the



flux attenuation for a given sensor displacement
is greater in the crosswind direction than in the
streamwise direction. Similar results are found
for all stabilities, although the errors in Eq. (22)
are somewhat smaller for near–neutral and stable
stratification, presumably because Eq. (19) is a
better approximation for those conditions.
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Figure 7. Test of Eq. (22) for F (rx, ry)/Fo as a
function of wind direction relative to the sensor
displacement; rx/z = 0.028n, z/L = −0.4.

The comparison shown in Figure 7 does not
explicitly test the individual models for F (rx)/Fo

and F (ry)/Fo. This is done in Figure 8 where
we again use Eq. (22) to combine streamwise
and crosswind displacements, but estimate F (rx)
with Eqs. (10) and (14), using µ = 0.25 for
unstable and 0.5 for stable stratification, and
estimate F (ry) with Eqs. (20) and (15). Figure
8 is based on 9 unstable and 5 stable cases
from the third and fourth HATS configurations,
which have the smallest values of ry/z and thus
correspond to sensor displacements likely to be
used for flux measurements. The data points
correspond to the median values of the model
estimates within each interval of the measured
values, and the vertical bars again denote the
15% and 85% quantiles of the estimated–flux–
attenuation distribution within each interval. The
rms deviation from the 1:1 line is on the order
of 5%, and a linear fit to the model estimates is
y = 0.98x + 0.01.

7. Conclusions and Discussion

Scalar flux attenuation for horizontal displace-
ments of the scalar and vertical velocity sensors is
a function of the magnitude and direction of the
displacement and of the dependence of the w′c′

cospectrum on wavenumber. We find that flux
attenuation for streamwise sensor displacements
can be estimated quite well by the integral of
the KMOW cospectral formula, Eq. (10), using
stability–dependent values for µ, a parameter de-
scribing the shape of the cospectrum, and kmx, the
wavenumber at the peak of the cospectrum. The
attenuation due to crosswind sensor displacement
(as well as streamwise sensor displacement in sta-
ble stratification) can be estimated comparatively
simply with the exponential model of Eq. (20).
Assumption of the exponential model for both
streamwise and crosswind attenuation permits a
very simple expression, Eq. (22), for the flux atten-
uation due to a horizontal displacement composed
of both streamwise and crosswind displacements.
That expression is found to provide good estimates
for flux attenuation as large as 40% or more.

Our estimates of flux attenuation for stream-
wise sensor displacements are based on the as-
sumption of Taylor’s hypothesis with a turbulence
advection velocity equal to 1.06 times the wind
speed. Thus if the investigator has retained the
turbulence time series data, numerical integration
of Eq. (10) and specification of a turbulence
advection velocity can be avoided by similarly
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Figure 8. Test of HATS model for F (rx, ry)/Fo.



using Taylor’s hypothesis to simply lag or delay
the data from the upstream sensor by the time
difference required to maximize the correlation
between w′ and c′. Then from Eqs. (20) and (22),
correction for attenuation due to any additional
crosswind displacement is simply

F (0, ry) = F (ry) = Foexp (−kmyry). . (23)

These results were obtained with turbu-
lence data measured within a horizontally–
homogeneous surface–flux layer, that is, where
the turbulence structure is found to depend only
on height above the surface and on the surface
fluxes of momentum and buoyancy as described
by Monin–Obukhov similarity. The HATS flux
attenuation formulas are not valid where the
dependence on wavenumber of the scalar–flux
cospectrum differs materially from that in the
surface–flux layer, as is likely to be true for
measurements in advective conditions, in complex
terrain, over a wavy water surface, within a
canopy, or within the roughness sublayer above
the canopy. In these more complex situations,
an empirical, in–situ technique suggested by
Villalobos (1997) may be advantageous. This
technique utilizes a temperature sensor placed
near the scalar sensor to measure a displaced–
sensor heat flux, which is then divided by the
(co–located) sonic virtual heat flux to determine
the flux attenuation in real time. Drawbacks of
this technique include the required assumption of
scalar similarity and the vanishing heat flux for
neutral stratification.

Finally, we return to questions raised at the
beginning of this paper. First, neither theoretical
analysis nor comparison with the HATS data
support the dependence of flux attenuation on
(r/z)4/3 for other than very small values of the
ratio r/z. However, except for a difference in the
exponent, the HATS data do support a model of
wind direction dependence similar to that of LB’s
Eq. (2).

The reason that KMOW find no dependence
of flux attenuation on wind direction appears
to be the limited range of their data, unstable
stratification and r/z ≤ 0.25. Within this range,
the HATS flux attenuation model finds that
F (rx)/Fo and F (ry = rx)/Fo are within 2% of
each other. While kmy = 2.3 kmx for unstable
stratification (Figure 5), this difference is almost
exactly compensated by the fact that, for the

range of the KMOW data (kmr <
∼

0.1–0.2),
F (rx)/Fo decreases more rapidly as a function
of kmxrx (Figure 4a: KMOW, µ = 0.25) than
does F (ry)/Fo as a function of kmyry (Figure 4a:
exp(−kmr)).
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