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1. INTRODUCTION

Current knowledge of dispersion in the stable bound-
ary layer (SBL) is far from complete and indeed much
less so than for its convective counterpart. For the
SBL, dispersion from surface releases is the most well-
understood and documented case thanks to theoretical
work (e.g., Horst, 1979; van Ulden, 1978) and field
observations, most notably the Prairie Grass experi-
ment (Barad, 1958). However, for sources above the
surface, the situation is less clear due to insufficient
observations and information on the turbulence struc-
ture. Theories exist for the vertical dispersion of ele-
vated plumes—standard statistical theory (Taylor, 1921;
Venkatram et al., 1984), an alternative statistical model
for stable environments (Pearson et al., 1983), and eddy-
diffusion (K) theory (Nieuwstadt, 1984a). The main
challenge is knowing the conditions under which they
apply and having the required turbulence information.

Large-eddy simulation (LES) is a promising tool for
investigating turbulence and dispersion in the SBL. A
number of LESs have been conducted (e.g., Beare et al.,
2005; Brown et al., 1994; Kosovic and Curry, 2000), but
they have been restricted to a weakly stable boundary
layer (WSBL), which is characterized by moderate-to-
strong winds, weak surface cooling, and a continuously
turbulent layer. The key restriction is to continuous (i.e.,
non-intermittent) turbulence. The above LESs and the
one used here (Moeng and Sullivan, 1994; Sullivan et al.,
1994) have reproduced several SBL features including a
low-level jet, a triple-layer potential temperature struc-
ture, and realistic turbulence profiles.

We investigate dispersion in the SBL using a La-
grangian particle model driven by velocity fields from
LES. In this approach, one follows passive particles in a
turbulent flow given the random velocity field and finds
the ensemble-mean concentration by simulating thou-
sands of particle trajectories; the mean concentration is
proportional to the probability density function (PDF) of
particle position. The approach has been applied suc-
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cessfully to the convective boundary layer (CBL) (e.g.,
Lamb, 1978; Weil et al., 2004) and informative SBL
results were presented earlier by Kemp and Thomson
(1996). Here, we report on dispersion for a range of
source heights in the SBL.

2. NUMERICAL MODELS

2.1 Large-eddy simulations

The velocity fields used here were obtained using the
Moeng and Sullivan (1994) and Sullivan et al. (1994)
models but modified to address an SBL. They were gen-
erated originally as part of the GABLS (Global En-
ergy and Water Cycle Experiment Atmospheric Bound-
ary Layer Study) initiative (Beare et al., 2005). The sim-
ulations were conducted with a 400 m× 400 m× 400 m
domain, 200×200×192 grid points, with a grid resolu-
tion of ∼ 2 m; the geostrophic wind speed was 8 ms−1,
the surface cooling rate was 0.25◦Khr−1, and the sur-
face friction velocityu∗ was∼ 0.28 ms−1. The stabil-
ity index zi/L was 1.6, wherezi (= 200 m) andL are
the SBL height and M-O length, respectively; the po-
tential temperature gradient in the bulk of the layer was
∂Θ/∂z ≃ 0.006 ◦Cm−1, but it was greater near the sur-
face and SBL top, thus producing a triple-layer structure
of the mean potential temperatureΘ.

2.2 Lagrangian particle model

In Lagrangian dispersion models, passive “particles”
released in a turbulent flow are assumed to behave as
fluid elements and to travel with the local fluid velocity
with molecular diffusion ignored. The mean concentra-
tion C is found from

C(x, t) = Q
Z t

−∞
p1(x, t;xs, t

′)dt ′ (1)

whereQ is the source strength,x is the position vector
(indicated by a boldface symbol), andp1(x, t;xs, t ′) is the
position PDF of material released at the source position
xs at timet ′ being found atx at timet. p1 is computed
from the numerically-calculated particle trajectories.



0 5 10
0

100

200

300

400

<u>, <v>, <w>

z 
(m

)

Figure 1: Mean wind profiles in the stable boundary
layer; solid curve is〈u〉 and dotted line is〈v〉.

The particle positionxp is found by integratingdxp =
uLdt, whereuL is the Lagrangian velocity of the particle.
TheuL is decomposed as

uL(xp, t) = ur(xp, t)+us(xp, t) (2)

whereur is the LES resolved velocity atxp(t) andt, and
us is a random subfilter-scale (SFS) or subgrid-scale ve-
locity. This method was first adopted by Lamb (1978).
Our approach is similar to his except for a more detailed
stochastic SFS orus model (Weil et al., 2004) (as used in
the CBL).

The mean crosswind-integrated concentration (CWIC)
is given byCy =

R ∞
−∞ C(x,y,z)dy, wherex, y, andz are the

distance downstream of the source, lateral distance from
the mean plume centerline, and height above ground.
The mean CWIC fields were obtained by superposing the
position PDFs (p1) from 289 equally-spaced sources at
heightzs in a horizontal plane. At each source, 50 par-
ticles were released, each with a random initial SFS ve-
locity. The releases were made at 5 equally spaced times
over a 2.5-min period, resulting in a total of 72,250 par-
ticles released; sensitivity studies were made for a 5-min
release as discussed below.

3. RESULTS

3.1 Mean wind, turbulence, and eddy diffusivity

The key variable driving the particles in the La-
grangian trajectory calculations is the resolved velocity
field. Figure 1 shows the mean resolved velocity profiles,
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Figure 2: Mean variance profiles in the stable boundary
layer; solid, dotted, and dashed-dot curves are for theu,
v, andw components, respectively.

where〈u〉 and〈v〉 are the east-west and north-south com-
ponents, respectively; the angle brackets denote an en-
semble mean, which is obtained by averaging over time
as well as thex − y plane. The〈u〉 shows substantial
shear over the entire boundary layer and culminates in
the jet just belowzi. The variation of〈v〉 with height
leads to an Ekman spiral, which has an important effect
on the mean lateral particle transport and dispersion as
discussed below. The above mean profiles are similar to
those produced by other LESs (Brown et al., 1994; Koso-
vic and Curry, 2000).

Figure 2 presents the resolved velocity variances〈u2〉,
〈v2〉, 〈w2〉, which all show a monotonic decrease with
height as expected. The maximum total velocity vari-
ances, e.g.,〈w2

mt〉, near the surface are consistent with
the measurements of Nieuwstadt (1984b) for thew com-
ponent and with other measurements and LESs for theu
andv components. The〈w2

mt〉= 〈w2〉+(2/3)〈es〉, where
〈es〉 is the mean SFS TKE at the height of thew vari-
ance maximum. We find that the maximum values are
5u2

∗, 4u2
∗, and 2u2

∗ for theu, v, andw components, respec-
tively.

A simple parameterization for the vertical eddy diffu-
sivity of a scalar,Kz, was assessed to provide guidance
on the relevant Lagrangian integral time scale,TL, for
analyzing the vertical dispersion results in Section 3.2.
Based on the work of Brost and Wyngaard (1978) and
Wyngaard (1988), the turbulence length (ℓ) and time (TL)
scales in the upper part of the SBL are expected to be
small in the sense thatℓ/zi ≪ 1 andTLu∗/zi ≪ 1. In
this case, the diffusivity should be given by the long-time
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Figure 3: Eddy diffusivity profiles as a function of di-
mensionless height withKθ (black curve) andKz (blue
curve) computed from LES variables; forKz, a = 0.2.

limit of Taylor’s theory (Taylor, 1921),Kz = σ2
wTL = σwℓ,

whereℓ = σwTL. The limiting ℓ in the upper part of the
SBL is the buoyancy lengthℓb ∼ σw/N, and theTL ∼
N−1 (Wyngaard, 1988); here,N = [(g/To)(∂Θ/∂z)]1/2 is
the Brunt-Vaissala frequency, whereg is the gravitational
acceleration, andTo is the mean absolute temperature.
Thus, the expected form ofKz is Kz = aσ2

wN−1, wherea
is a constant.

The aboveKz can be tested for its relevance here using
the diffusivity for heat,Kθ, computed from the LES; the
Kθ was obtained fromKθ = −〈wθ〉/(∂Θ/∂z) using the
computed heat flux〈wθ〉 and∂Θ/∂z. Figure 3 compares
the parameterizedKz (blue curve) with theKθ, whereσ2

w
andN also are found from the LES. A least-squares-fit of
theKz to Kθ resulted ina = 0.2, which is included in the
Kz (Fig. 3). As can be seen, theKz provides a good over-
all shape to theKθ profile, thus reinforcing the choice of
ℓb andN−1 as the relevant length and time scales.

3.2 Dispersion from surface and elevated sources

In this section, we analyze fields of the CWIC, the
vertically-integrated concentration, and the plume dis-
persion or displacement statistics. The CWIC is nondi-
mensionalized byQ/(Uzi), which is the (vertically) uni-
formly mixed Cy value far downstream, andU is the
magnitude of the vertically-averaged wind vector over
the boundary layer withU = 7 ms−1. (x and y are re-
oriented for the transport and dispersion calculations to
have x in the direction of the vector-averaged wind over
the SBL, and y is normal to x in the horizontal plane.)

Two time or distance scalings are used in the following.
The first is analogous to CBL scaling and is the dimen-
sionless distance (show a range of results for a range of
heights)

X =
u∗x
Uzi

, (3)

where the friction velocity replaces the convective veloc-
ity scale for CBL analysis;X is the ratio of a mean travel
timex/U to the maximum eddy turnover time (zi/u∗) that
could exist in the SBL. The second dimensionless time or
distance istN−1 = x/(UN).

Figure 4 shows the dimensionless CWIC as a function
of z/zi andX for a surface source in the SBL. For refer-
ence, the distance scaleUzi/u∗ used in scaling the dis-
tancex is ≃ 5100 m, and the panels shown in Fig. 4 are
for x = 916, 1832, 2448,3665, and 4581 m. The vertical
evolution of the CWIC profiles is quite slow by compari-
son to that in the CBL due to the much smaller turbulence
scales in the SBL—σw for velocity andℓb for length. For
example, atX = 0.72, the profile is contained in the lower
half of the boundary layer with a maximum CWIC of
about 6Q/(Uzi) (at the surface), whereas for the CBL at
the sameX , the plume has dispersed to the CBL top and
the maximum CWIC is only about 1.4Q/(Uzi)

For comparison, Fig. 5 shows the evolution of the
CWIC profiles with downwind distance orX for an ele-
vated source atzs/zi = 0.24. The initially compact plume
(X = 0.18) has a maximum CWIC near the source height
that is only about a third of the maximum for the sur-
face source at the sameX . This is attributed to the much
higher wind speed aloft than at the surface; the higher
speed leads to a greater dilution of the plume through
Cy ∝ Q/(Usσz), whereUs is the mean wind speed atzs,
andσz is the local root-mean-square (rms) spread about
the plume height. In addition, the CWIC profiles exhibit
a more rapid downward than upward dispersion about the
plume centerline; this is caused by the stronger turbu-
lence below the source than above it.

One consequence of the slow vertical mixing in the
SBL and the “unmixed” mean wind profiles is the rel-
ative importance of the lateral mean wind and wind
direction shear or wind “turning” with height. For
plume transport, this results in a mean lateral displace-
ment relative to the boundary layer averaged wind direc-
tion, which is oriented in thex direction for the disper-
sion calculations. Figure 6 shows crosswind profiles of
the vertically-integrated concentration (VIC)Cz at five
downstream locations, whereCz =

R ∞
0 C(x,y,z)dz. The

maximum VIC along a crosswind profile is a rough mea-
sure of the mean lateral displacement, which ranges up
to ∼ 2zi at the most distant location,X = 0.9. Figure 6
also shows the evolving skewness of the crosswind pro-
file with increasing distance, i.e., a longer tail exists on
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Figure 4: Vertical profiles of the dimensionless CWIC at five downstream distances for a surface release.
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Figure 5: Vertical profiles of the dimensionless CWIC at five downstream distances for an elevated release atzs/zi =
0.24.
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Figure 6: Crosswind profiles of the dimensionless
vertically-integrated concentration at five downstream
distances for an elevated source atzs/zi = 0.24; solid,
long dashed, short dashed, dot-dashed, and dotted lines
correspond to profiles atX = 0.1, 0.3, 0.5, 0.7 and 0.9,
respectively.

the left side of the maximum than on the right. Further-
more, one can observe a plume that is much wider (iny)
than it is tall; e.g., atX = 0.7, the plume spans 2.5zi in y
whereas its vertical depth is only∼ 0.5zi (Fig. 5) at the
same distance.

Figure 7 presents the dimensionless mean plume
heightzp/zi as a function ofX for source heights rang-
ing from zero tozs/zi = 0.24. Overall, the computed
growth in zp is rather slow. For the surface source, the
mean height can be approximated byzp/zi = 0.2X1/2

far downstream, which suggests that the plume centroid
would reach the middle of the SBL atX = 12.5 or at
a distance of 64 km! This of course assumes that no
other mechanisms (e.g., mesoscale processes, dispersion
in hill wakes, etc.) would be operating. Nevertheless, the
growth is impressively slow. For the elevated sources,
there is an initial negative displacement followed by a
tendency toward the surface source result at large dis-
tances.

The computed growth rate,zp ∝ x1/2, is faster than that
given by surface layer similarity (SLS) theory far down-
stream, where SLS predictszp ∝ x1/3 (van Ulden, 1978).
The faster growth in our calculations may be explained
by the rather weak stability; for example, at a height
of z/zi = 0.2 which exceeds thezp/zi values found for
the surface source in Fig. 7, the correspondingz/L is
only ∼ 0.3. In contrast, the above SLS result applies to
strongly stable conditions wherez/L ≫ 1 or in “z-less
stratification.”

The analysis in Section 3.1 supported the adoption of
ℓb and N−1 as the turbulence length and time scales.
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Figure 7: Dimensionless mean plume height as a func-
tion of dimensionless distance for five source heights in
the SBL; black, red, blue, green, and magenta lines cor-
respond to releases atzs/zi = 0.0026, 0.047, 0.10, 0.15
and 0.24, respectively.
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Figure 8: Dimensionless vertical dispersion as a function
of dimensionless time for five source heights in the SBL;
black, red, blue, green, and magenta lines correspond to
releases atzs/zi = 0.0026, 0.047, 0.10, 0.15 and 0.24,
respectively.



In the following, we examine the vertical dispersionσz

about the mean plume height using the dimensionless co-
ordinatesσzN/σw andtN−1. This also follows from con-
sidering two statistical theories for dispersion. The first
is Taylor’s theory which Venkatram et al. (1984) adopted
and chose a simple interpolation expression that matched
the short- and long-time limits of the theory:

σz =
σwt

(1+0.5t/TL)1/2
, (4)

whereσz = σwt for t ≪ TL andσz = (2σ2
wTLt)1/2 for t ≫

TL. Venkatram et al. assumedTL = ℓ/σw and chose an
interpolation expression forℓ that followedℓ ∝ z near the
surface andℓ ∝ ℓb above the surface layer.

The second theory by Pearson et al. (1983) also
predictedσz = σwt for short times, but for large times
(t ≫ N−1), it gave

σz =
σw

N
(c2

1 +2N2TLt)1/2. (5)

Here, c1 ≃ 1.3, TL ∼ γ2N−1, and γ is a dimensionless
parameter that measured the degree of mixing between
fluid elements. Forγ ∼ 0.1, σz appraoched a constant
∼ σwN−1 over a considerable range of time, but forγ ≥
0.3, σz approached at1/2 dependence. From the data
reported by Venkatram et al. (1984), both a constantσz

and aσz ∝ t1/2 behavior have been deduced for elevated
plumes.

Figure 8 shows the dimensionless vertical dispersion
σzN/σw versustN−1 from the Lagrangian particle sim-
ulations for source heights ranging from∼ 0 to 0.24zi.
The σw andN in this scaling are the source height val-
ues. The results show that the dispersion from all source
heights tends to the short-time limit fortN−1 ≪ 1, but
they fall roughly into two groups fortN−1 > 1. The sur-
face source followsσz ∝ t1/2, whereas the other results
collapse into a band exhibitingσz ∝ t1/3 approximately.
This is intermediate to the classical and Pearson et al.
very stable limits. Further analysis is necessary to under-
stand and explain this behavior.
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