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E emission of a layer, A upward beam, B downward beam 

 A0 emerging flux at TOA, τ optical depth

Theory: Schwarzschild (1906)
Plane-parallel, gray, LTE
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Eq. (1)  A – E = ΔA = A0 /2   Net radiation at the surface, independent of τ
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John Houghton: The Physics of Atmospheres 
Cambridge (1977, 1986, 2002) Eq. 2.13

DISCONTINUITY = OLR/2
(independent of the optical depth)

such a steep lapse rate is very 

unstable with respect to vertical 

motion, and will soon be destroyed 

by the process of convection

Discontinuity = Convection = OLR/2
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Joseph Chamberlain
Theory of Planetary Atmospheres (1978, 1987)
Academic Press, Fig. 1.4, Eq. 1.2.29

DISCONTINUITY = OLR/2
(independent of τ)

(1.2.29)

5



Visconti: Fundamentals of Physics and Chemistry of the Atmospheres
Springer (2001)

DISCONTINUITY = OLR/2
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DISCONTINUITY = OLR/2

Radiation in the Atmosphere 
Zdunkowski, Trautmann and Bott

Cambridge (2008) Fig. 6.7
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Raymond Pierrehumbert: Principles of Planetary Climate. 
Cambridge (2008) Eq. 4.45

DISCONTINUITY = (1 – α)S/2 = OLR/2
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Andrews: An Introduction to Atmospheric Physics 
Cambridge (2010), pp 85-86.

Tg
4 – Tb

4 = Te
4/2  

Inclusion of convection in the model removes the temperature discontinuity

DISCONTINUITY = OLR/2   (independent of the optical depth)
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M. Salby: Physics of the Atmosphere and Climate 
Cambridge, 2012
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Liou: An Introduction to Atmospheric Radiation
Academic Press, 1980

From here, with A = 0 and ε = 1,
σT4 = 2σTa4

σTa4 = Q(1 – r)

Now following Hartmann (1994, p63): 
„A thin layer of atmosphere near the surface 

absorbs a fraction e of the emission from above 

and below and emits in both directions. The 

temperature of the air adjacent to the surface, 

TSA, may be derived from the energy balance 

there”.

eσT4 + eσTa4 = 2eσTsa4         (Eq. 3.54)
From here,
(3/2) σTa4 = σTsa4 , that is

σT4 – σTsa4 = σTa4/2       

Not explicitly given



University Lecture Notes

• “This expression implies that there is a temperature discontinuity between the 
surface and the cooler lowest layer of the atmosphere.”

• “surface temperature exceeds that of the overlying air by an amount of F0/2. 
It only occurs because we have assumed that the only heat fluxes are those due to 
radiation, so there is no conduction and no turbulent convection”

             Manchester University
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University of Arizona, 2015
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Final TP Profile



University of Toronto



惑星大気学_放射(2022).docx

東京大学 University of Tokyo



Harvard (2018)



Graeme L. Stephens: Radiative Transfer Notes AT 622. 
Colorado State University, Fort Collins, CO (2003)

“This radiative equilibrium profile is unstable w.r.t. vertical motion and is destroyed by convection”



C. O’Dell, Colorado State Univ. (2013)



University exam task (for A+)



Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (244.06 – 29.74 + 316.27) – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

Early verification

CERES EBAF Ed2.8, 192 months (Mar 2000 – Feb 2016)
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 CERES_EBAF-Surface_Ed2.8 Data Quality Summary (March 27, 2015)
Table 4-1. Global annual mean fluxes using data from March 2000 through February 2010 (W m-2). 

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (243.9 – 29.7 + 316.0) – 398.0 = 132.85 = 265.7 /2    – 0.60 Wm-2



Early verification

CERES EBAF Ed2.8, 192 months (Mar 2000 – Feb 2016)
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 CERES_EBAF-Surface_Ed2.8 Data Quality Summary (March 27, 2015)
Table 4-1. Global annual mean fluxes using data from March 2000 through February 2010 (W m-2). 

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (244.06 – 29.74 + 316.27) – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (243.9 – 29.7 + 316.0) – 398.0 = 132.85 = 265.7 /2    – 0.65 Wm-2



Early verification

CERES EBAF Ed2.8, 192 months (Mar 2000 – Feb 2016)
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 CERES_EBAF-Surface_Ed2.8 Data Quality Summary (March 27, 2015)
Table 4-1. Global annual mean fluxes using data from March 2000 through February 2010 (W m-2). 

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (244.06 – 29.74 + 316.27) – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (243.9 – 29.7 + 316.0) – 398.0 = 132.85 = 265.7 /2    – 0.65 Wm-2



Early verification

CERES EBAF Ed2.8, 192 months (Mar 2000 – Feb 2016)
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 CERES_EBAF-Surface_Ed2.8 Data Quality Summary (March 27, 2015)
Table 4-1. Global annual mean fluxes using data from March 2000 through February 2010 (W m-2). 

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (244.06 – 29.74 + 316.27) – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

Eq. (1)         A –      E =    ΔA =     A0/2

 SFC SW dn  - SW up + LW dn  – LW up = TOA LW /2

        (243.9 – 29.7 + 316.0) – 398.0 = 132.85 = 265.7 /2    – 0.65 Wm-2

Earth heat uptake for July 2005–June 2010 is 0.58 ± 0.38 Wm-2



        Eq. (2)     A = 2A0          E = 3A0/2;      B = A0

A = 2A0 

Hartmann (1994) Fig. 2.3

ΔA

σTs
4 = 2σTA

4 

Eq. (2): Schwarzschild (1906, Eq. 11) at തτ = 2 

Eq. (2) Clear-sky     Eq.(1)
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Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59 

CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky

26



Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59    – 0.59 Wm-2  
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CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky



Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59    – 0.59 Wm-2  

ΔA : A0 : E : A = 1 : 2 : 3 : 4  (clear-sky)  justified within EEI
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CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky



Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59    – 0.59 Wm-2  

29

CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky

ΔA : A0 : E : A = 1 : 2 : 3 : 4  (clear-sky)  justified within EEI

E = (3/2) A0 398.40 = (3/2) × 265.59/2 + 0.015 

g = 1/3 (398.40 – 265.59) / 398.40 = 0.33336 



Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59    – 0.59 Wm-2  
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CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky

ΔA : A0 : E : A = 1 : 2 : 3 : 4  (clear-sky)  justified within EEI

E = (3/2) A0 398.40 = (3/2) × 265.59/2 + 0.015 

g = 1/3 (398.40 – 265.59) / 398.40 = 0.33336 



Eq. (1)         A –      E =    ΔA =     A0/2

     530.59 – 398.40 = 132.19 = 265.59 /2    – 0.60 Wm-2

 Eq. (2)         A    =      2A0

      530.59   = 2 × 265.59    – 0.59 Wm-2  

ΔA : A0 : E : A = 1 : 2 : 3 : 4  (clear-sky)  justified within EEI

E = (3/2) A0 398.40 = (3/2) × 265.59/2 + 0.015 

g = 1/3 (398.40 – 265.59) / 398.40 = 0.33336 
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CERES EBAF Ed2.8, Global means (Mar 2000 – Feb 2016) 
Clear-sky



Eq. (1)     SFC Net = A – E = A0/2  (clear-sky, net)

 Eq. (2)     SFC Tot =        A = 2A0   (clear-sky, total at τ = 2)

          Separating atmospheric radiation transfer from the longwave cloud effect (LWCRE):

 Eq. (3)    SFC Net = A – E = (A0 – L)/2 (all-sky, net, incl LWCRE)

 Eq. (4)    SFC Tot =       A = 2A0 + L  (all-sky, total at τ = 2 incl LWCRE)

Creating the all-sky versions
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The Four Equations

Eq. (1) From Schwarzschild (1906, Eq. 11), net, clear-sky:

 A – E = ΔA = A0 /2

Eq. (2) From Schwarzschild (1906, Eq. 11)  at τ = 2, total, clear-sky: 

 A = 2A0 

Eq. (3) From Schwarzschild (1906, Eq. 11), including LWCRE, net, all-sky:

 A – E = ΔA = (A0 – L) /2

Eq. (4) From Schwarzschild (1906, Eq. 11) at τ = 2, including LWCRE, total, all-sky:

 A = 2A0 + L
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Verification of the four equations
CERES EBAF Ed4.1 Version 3, 22 years (April 2000 – March 2022) (Wm-2) 

Eq. (1) SFC  SW down – SW up + LW down – LW up  (clear) = TOA LW (clear)/2  

           240.8680 – 29.0724 +  317.4049 – 398.5211  = 266.0122 /2 – 2.3267 

Eq. (2) SFC  SW down – SW up +  LW down        (clear) = 2 × TOA LW (clear) 

          240.8680 – 29.0724 +  317.4049   = 2 × 266.0122 – 2.8238

Eq. (3) SFC  SW down – SW up + LW down – LW up (all) = [TOA LW (all) – LWCRE]/2

                          186.8544 – 23.1629 +  345.0108 – 398.7550   = (240.2450 – 25.7672)/2 + 2.7083

Eq. (4) SFC  SW down – SW up +  LW down  (all) = 2 × TOA LW (all) + LWCRE

                   186.8544 – 23.1629 +  345.0108         = 2 × 240.2450 + 25.7672 + 2.4450

                                         Mean    0.0007
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Verification of the four equations
CERES EBAF Ed4.1 Version 3, 22 years (April 2000 – March 2022) (Wm-2) 

Eq. (1) SFC  SW down – SW up + LW down – LW up  (clear) = TOA LW (clear)/2  

           240.8680 – 29.0724 +  317.4049 – 398.5211  = 266.0122 /2 – 2.3267 

Eq. (2) SFC  SW down – SW up +  LW down        (clear) = 2 × TOA LW (clear) 

          240.8680 – 29.0724 +  317.4049   = 2 × 266.0122 – 2.8238

Eq. (3) SFC  SW down – SW up + LW down – LW up (all) = [TOA LW (all) – LWCRE]/2

                          186.8544 – 23.1629 +  345.0108 – 398.7550   = (240.2450 – 25.7672)/2 + 2.7083

Eq. (4) SFC  SW down – SW up +  LW down  (all) = 2 × TOA LW (all) + LWCRE

                   186.8544 – 23.1629 +  345.0108         = 2 × 240.2450 + 25.7672 + 2.4450

                                         Mean    0.0007
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CERES EBAF Ed4.1 Version 3, 22 years (April 2000 – March 2022) (Wm-2)
CERES EBAF Ed4.2 Version 4, 22 years (April 2000 – March 2022) (Wm-2)
CERES EBAF Ed4.2 Version 4, 24 years (April 2000 – March 2024) (Wm-2) 

Eq. (1) SFC  SW down – SW up + LW down – LW up  (clear) = TOA LW (clear)/2  

           240.8680 – 29.0724 +  317.4049 – 398.5211  = 266.0122 /2 – 2.3267 

          241.0969 – 29.7521 +  317.8744 – 398.5890  = 265.9594 /2 – 2.3495 

           241.0514 – 29.7043 +  318.0984 – 398.7742  = 265.9748 /2 – 2.3161 

Eq. (2) SFC  SW down – SW up +  LW down        (clear) = 2 × TOA LW (clear) 

          240.8680 – 29.0724 +  317.4049   = 2 × 266.0122 – 2.8238

          241.0969 – 29.7521 +  317.8744   = 2 × 265.9594 – 2.6996 

          241.0514 – 29.7043 +  318.0984   = 2 × 265.9748 – 2.5042

Eq. (3) SFC  SW down – SW up + LW down – LW up (all) = [TOA LW (all) – LWCRE]/2

                         186.8544 – 23.1629 +  345.0108 – 398.7550   = (240.2450 – 25.7672)/2 + 2.7083

          187.1451 – 23.4950 +  346.1057 – 398.4220  = (240.3317 – 25.6277)/2 + 3.9818 

           187.1756 – 23.4607 +  346.3158 – 398.6162  = (240.3894 – 25.5854)/2 + 4.0126

Eq. (4) SFC  SW down – SW up +  LW down  (all) = 2 × TOA LW (all) + LWCRE

                   186.8544 – 23.1629 +  345.0108         = 2 × 240.2450 + 25.7672 + 2.4450

           187.1451 – 23.4950 +  346.1057   = 2 × 240.3317 + 25.6277 + 3.4647 

            187.1756 – 23.4607 +  346.3158   = 2 × 240.3894 + 25.5854 + 3.6665

                                         Mean    0.0007

            0.5994

            0.7147
36
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0.0007

0.71



ΔA = A0/2.   E = 3A0/2

Eq. (1) SFC Net = A0 /2              Eq. (3) SFC Net = (A0 – L)/2
Eq. (2) SFC Tot  = 2A0               Eq. (4)  SFC Tot  = 2A0 + L 

The N-numbers, as solution of the equations
Pure geometry: No reference to GHGs

Eq.(2)   A = 2A0 Eq.(1)  ΔA = A – E = A0/2 
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The flux components with LWCRE = 1

TOA LW clear-sky = 10 TOA LW all-sky = 9

SFC LW up clear-sky = 15 SFC LW up all-sky = 15

SFC LW down clear-sky = 12 SFC LW down all-sky = 13

SFC LW net clear-sky = –3 SFC LW net all-sky = –2

SFC SW net clear-sky = 8 SFC SW net all-sky = 6

SFC SW+LW net clear-sky = 5 SFC SW+LW net all-sky = 4

SFC SW+LW total clear-sky = 20 SFC SW+LW total all-sky = 19

G greenhouse effect clear-sky = 5 G greenhouse effect all-sky = 6

SWCRE (surface)  = –2 LWCRE (surface, TOA) = 1 
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CERES EBAF Ed4.2.1, 288 months, Oct 2000 — Sep 2024 data

Best fit:   1 unit = 1 = LWCRE = 26.68 ± 0.01 Wm-2

Fit model to observation
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CERES_EBAF_Ed4.2.1, 24 years (288 monthly means, October 2000 – September 2024)



TOA N N × Unit
EBAF

Ed4.2.1

Difference

(Wm-2)

Solar 51/4 340.17 340.21 0.04

SW clear 8/4 53.36 53.75 0.40

LW clear 40/4 266.80 265.98 –0.82

Net clear 3/4 20.01 20.46 0.45

SW all 15/4 100.05 98.91 –1.14

LW all 36/4 240.12 240.42 0.30

Net all 0 0 0.88 0.88

SW CRE –7/4 –46.69 –45.15 1.54

LW CRE 1 26.68 25.56 –1.12

Net CRE –3/4 –20.01 –19.59 0.42

CERES EBAF Ed4.2.1, 24 years
October 2000 – September 2024, 1 = 26.68 Wm-2



Surface N N × Unit
EBAF

Ed4.2.1

Difference

(Wm-2)

SW down clear 9 240.12 240.97 0.85

SW up clear 1 26.68 29.67 2.99

LW down clear 12 320.16 318.25 –1.91

LW up clear 15 400.20 398.92 –1.28

SW down all 7 186.76 187.12 0.36

SW up all 1 26.68 23.44 –3.24

LW down all 13 346.84 346.44 –0.40

LW up all 15 400.20 398.72 –1.48

SW net clear 8 213.44 211.30 –2.14

LW net clear –3 –80.04 –80.67 0.63

SW net all 6 160.08 163.68 3.60

LW net all –2 –53.36 –52.28 1.08

Total net clear 5 133.40 130.63 –2.77

Total net all 4 106.72 111.40 4.68

CERES EBAF Ed4.2.1, 24 years
October 2000 – September 2024, 1 = 26.68 Wm-2



N N × Unit EBAF Ed4.2.1
Difference

(Wm-2)

Clear-Sky

TOA

LW 40/4 266.80 265.98 -0.82

SW 8/4 53.36 53.76 0.40

Net 3/4 20.01 20.46 0.45

Clear-Sky

Surface

LW down 12 320.16 318.25 -1.91

LW up 15 400.20 398.92 -1.28

LW net –3 –79.98 –80.67 0.63

SW down 9 240.12 240.97 0.85

SW up 1 26.68 29.67 2.99

SW net 8 213.44 211.30 -2.14

SW + LW net 6 133.40 130.63 -2.77

CERES EBAF Ed4.2.1, 24 years
October 2000 – September 2024, 1 = 26.68 Wm-2



All-sky N N × Unit EBAF Ed4.2.1
Data – Theory

(Wm-2)

TOA

SW insolation 51/4 340.17 340.21 0.04

SW up 15/4 100.05 98.91 -1.14

LW up 36/4 240.12 240.42 0.30

TOT net 0 0 0.88 0.88

Surface

SW down 7 186.76 187.12 0.36

SW up 1 26.68 23.44 -3.24

SW net 6 160.08 163.68 3.60

LW down 13 346.84 346.44 -0.40

LW up 15 400.20 398.72 -1.48

LW net –2 –53.36 -52.28 1.08

TOT net 4 106.72 111.40 4.68

CRE

TOA

SW –7/4 –46.69 -45.15 1.54

LW 1 26.68 25.56 -1.12

TOT –3/4 -20.01 -19.59 0.42

CERES EBAF Ed4.2.1, 24 years; 1 = 26.68 Wm-2



g(clear), CERES EBAF Ed4.2.1, 24-yr mean (Oct 2000 – Sep 2024)
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Clear-sky N Theory CERES

Surface LW up 15 400.20 398.9233

TOA LW up 10 266.80 265.9823

G 5 133.40 132.9410

g 5/15 1/3 0.33325

All-sky N Theory CERES

Surface LW up 15 400.20 398.72

TOA LW up 9 240.12 240.42

G 6 160.08 158.30

g 6/15 0.4 0.397
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Concluding
• „CERES is an investigation to examine the role of cloud/radiation feedback in the Earth's 

climate system.” (Wielicki et al. 1996). The investigation concludes in a set of four 
equations with a solution of integer ratios related to the longwave radiative effect of 
clouds (LWCRE). CERES data prove the validity of the four equations and justify their 
integer solution. Inversely, CERES data prove that Earth follows accurately these four 
equations and implements their integer solution system. 

• The set of these four equations and their integer solution define a steady state of Earth’s 
global mean radiant energy flow system. It is a greenhouse gas-independent geometric 
state, driven by the total solar irradinace (TSI), and is based on an elementary radiative 
transfer constraint: the net radiation at the surface is half of the outgoing LW radiation at 
the top of the atmosphere, in the clear-sky. The all-sky system is modulated by LWCRE.

• The discovery of this steady state has far-reaching consequences on cloud feedback 
estimates, sensitity studies, climate models, climate change assessments, and climate 
projections. Future missions with better absolute calibracy are needed to measure the 
deviation from the steady-state; to understand the impact of man's activities and predict 
their long-term consequences.
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