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Motivation 
Classic radiative transfer equations (RTEs) in integro-differential form are derived assuming the Beer-Lambert (BL) 
law accounts for light propagation in the medium, and various numerical solutions have been developed within this 
framework. However, natural media are to some extent variable in space, thus the BL law of exponential extinction 
does not apply on average due to its nonlinearity.  What is the average value of direct transmission T(s) = e–σs, where s 
is a fixed distance and σ is random mean extinction coefficient over distance s?  

To this problem, some approaches seek an effective material property σeff to use in the solution of a transport problem 
for a uniform medium [1-3], and some linearly combine solutions from uniform media and approximate solutions for 
spatially correlated medium [4-5]. Yet others introduce new RTEs to solve [6-10]. 

In the framework of developing new RTEs for spatially-correlated stochastic media, we derive and use a power-law† 
model for direct light transmission and solve the RTE numerically by a Monte Carlo method and by a Markov chain 
method (2-stream case only, for the moment) [11]. 
†Conley & Collins [12] propose the same power-law transmission law to model spectral variability, beyond correlated-k. 

    Generalized radiative transfer equation 

Monte Carlo solution in d = 2 
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In a uniform plane-parallel optical medium along the direction Ω on the d-dimensional sphere    

Integro-differential RTE based on Beer’s law     

Integral form    
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where Θ(x) is the Heaviside step function

(a) Uniform medium σ  

I0 (τ ,Ω) =T (|τ − #τ | /µ)δ(Ω−Ω0 )

(b) Spatially correlated medium with 

T = Ta = − 1+ x / a( )
−(a+1)

≠ −Ta

T =Ta = 1+ x / a( )
−a

T =TBL = exp(−x)

I = I0 + Idif, where I0 is the direct light contribution  
                      and Idif is the diffuse light contribution 

Reciprocity law follows. 

Beer-Lambert law: Power law model: 

T = TBL = −TBL

Reciprocity law breaks !!! 

Integro-differential RTE based on power law 

Markov chain solution in d = 1 

 Π = Πs + Q × Πs + Q × Q × Πs + …  = (E − Q)−1 × Πs  
 

a) General formalism 

Πs: initial distribution of 1st order scattered photons 
Q: matrix of transition of photon from status (xn, Ωj) to (xn’, Ωj’)  

b) Literal 1D, a.k.a. 2-stream model 

Numerical investigation in d = 1 
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Photon transient status (n, j): node n = 1,…,N, direction j = + (up) or − (down) 

W* :optical thickness ā transmittance
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W*(O) = 㺦Next(O) dz W* depends on the wavelength
㹢 Angstrom exponent (N.B.)

Radiation fields throughout the 1D medium with τ = 10 and (a) forward phase function p(0) = 0.8 and single scattering 
albedo ω = 1; (b) p(0) = 0.5 and ω = 1; (c) p(0) = 0.9 and ω = 1, and (d) p(0) = 0.9 and ω = 0.98.  The left subplot gives 
scalar flux J, with J = Idif, up + Idif, down while the right subplot gives the vector flux F, with F = Idif, up − Idif, down. 

(a) (b) 

(c) (d) 

Six traces of random walks with 100 
isotropic scatterings and step sequences 
that follow power-law cumulative 
probabilities and PDFs. Both scatterings 
and steps use the same sequences of 
uniform random variables. Values of a are 
∞ (exponential law), 10, 5, 2, 1.5 and 1.2. 
   Note how longer jumps occur as a 
decreases, and (inset) how shorter paths 
are required to cross a plane-parallel slab 
of a given thickness. 
ç 
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Power law transmission model      
Assuming Gamma distribution of σ,   

(σ ,a)

Not yet known !!! 
Cf. [10] 

with mean extinction      and variability parameter  σ

p(0) = (1+g)/2 
p(π) = (1–g)/2 1D phase function: 

Monte Carlo evaluations of diffuse transmission T(g,a;τ*) 
versus (1–g)τ* in log-log axes for g = 0 and g = 0.85, and 
for a = 1.2, 1.5, 2, 5, 10, and ∞ in the absence of absorption. 
    Note how T(g,a;τ*) increases when a decreases, as 
expected in spatially variable media.  Asymptotic scaling is 
τ*–min{1,a/2}, as predicted in [13].        è (1–g)τ* 

s = − logξ /σ becomes a× ξ −1/a −1( ) /σ
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Random scattering (2D Henyey-Greenstein PF): 
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