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1. INTRODUCTION 
In the troposphere, water vapor as a gas constituent 
alters the air parcel's specific gas constant and 
specific heat capacity at constant pressure from their 
dry values Rd and cpd to moist values Rm and cpm. 
Despite the knowledge that the potential temperature 
θ of an air parcel has a dependence on its water 
vapor content, potential temperature is often still 
calculated ignoring the specific humidity dependence 
in the exponent, with a few notable exceptions, e.g. 
Emanuel (1994). We derive the form that the 
isentropic primitive equations take when the 
dependence of potential temperature θ on water 
vapor content is included, and show that the resultant 
forcing from moisture gradients are non-negligible in 
the tropical troposphere. The new moisture gradient 
terms fundamentally alter the form of the isentropic 
equations. 
 
2. THEORY 
Assuming that moist air behaves like an ideal gas, the 
potential temperature of a moist air parcel is 
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where T is the temperature of the air parcel, p the 
pressure, pref the reference pressure, κm = Rm/cpm. θis 
often approximated using κ = Rd/cpd in place of κm . 
When the moisture dependence of the exponent κm is 
retained, the isentropic primitive equations need to be 
re-derived. We shall call this new set the "extended 
isentropic equations". 
 
2.1 DEFINITIONS 
Define the constants 
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where Rv and cpv are the specific gas constant and 
specific heat capacity at constant pressure of water 
vapour respectively, where the slight variation of cpd 
and cpv with temperature and pressure is ignored. 
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Thus, the moist specific gas constant and moist 
specific heat capacity at constant pressure are 
dependent on the specific humidity q as follows: 
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In the extended isentropic theory, due to the 
dependence of θ  on q, this expression appears 
repeatedly: for s = x, y, or θ, 
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where with a little algebraic manipulation, 
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Exner's function and Montgomery function can be 
generalized in a moist atmosphere as 
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2.2 MOIST AND DRY PRIMITIVE EQUATIONS 
The extended moist isentropic primitive equations are: 

 (11) 

(12) 

(13) 

(14) 

(15) 

(16) 



 

 

where 

are the ra
unit mass 
equations 
isentropic 
al.(1987) w

 

 

 

 

 

 

 
3. RESULT
Table 1 li
influence o
dynamics. 
the isentro
more signi
of the mois
by up to 
moisture g
Montgome
horizontal m
 
4. CONCL
 
Vertical a
dynamical 
momentum
comparabl
force in t
reflect the 
gradients 
inhomogen
isobaric 
comparabl
variations 
an isentrop
water vap
when stud
framework
 
A manuscr
the Quarte
Society. 
 

is the d

ates of evapor
of (moist) air
can be com
primitive eq

where the basic

TS 
sts the terms

of the moisture
The vertical g
pic density by 
ficant is its im
st Montgomery
50% (Figure 

gradient term 
ry gradient fo
momentum ten

USIONS 

and horizontal
influences. 

m by the isen
e to that by the
the tropical tr

weak horizon
in the tropic

neous distribut
gradients i

e to those 
and thus contr
pe. It is therefo
por dependenc
dying tropical 
.  

ript based on 
erly Journal o

diabatic heating

ration and con
r respectively. 
mpared to the
uations from 

c terms are ana

s compared to
e gradient term
gradient of mo
up to 10% (Fig

mpact on the ve
y function, redu

1a). Finally, 
is comparable
orce in contr
ndency (Figure 

 moisture gr
The driving 

ntropic moistu
e moist Montgo
roposphere. T
ntal or isobari

cs. In such a
tion of water 
n potential 

created by
ributes to pres
re not advisab
ce of potentia
dynamics in 

this work is u
of the Royal 

(17) 

(18) 

g rate; E and C

ndensation per
The extended

e set of dry
Andrews et

alogous: 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

o evaluate the
ms on the moist
oisture reduces
gure 1c). Even
ertical gradient
ucing the latter
the isentropic

e to the moist
ibuting to the
2).  

radients exert
of horizonta

re gradient is
omery gradient
These findings
ic temperature
a setting, the
vapor creates

temperature
y temperature
sure forces on
le to ignore the
al temperature
the isentropic

nder review in
Meteorologica

C 

r 
d 
y 
t 

e 
t 
s 
n 
t 
r 
c 
t 
e 

t 
l 

s 
t 
s 
e 
e 
s 
e 
e 
n 
e 
e 
c 

n 
l 

 

Equ

Isentr
densi
(12)

Hydro
balan
(13)

Horiz
mome
tende
(14), 

Table
the m
equa

Figu

θ=31

differ

Figur

θ=31

same
 
REFE
 
Andr
theor
40(8)
 
Ema
Unive

uation 
ε-te

[A

ropic 
ity  

ostatic 
nce 

zontal 
entum 

ency 
(15) 

e 1: The ratios
moisture gradie
ations. Equation

re 1.The 1981-

5K. (a) , 

rent scales. 

re 2. The 1981

5K. (a) 

e scale in 10-3 k

ERENCES 

rews DG. 1983
rem in isentrop
): 1877–1883.

nuel K. 1994. A
ersity Press. 

erm 
A] 

ba

 

 

 

s that determin
ent terms in th
n (13) is used i

-2010 July mon

(b) , (c)

-2010 July mon

, (b)

km-1. 

. A finite-amplit
pic coordinates.

Atmospheric co

asic term  
[B] [A

 

1 

 ab

ne the significa
e extended pr
n the last row.

nthly climatolog

 o

nthly climatolog

) , o

tude Eliassen-
. J. Amos. Sci.

onvection. Oxfo

ratio 
A]:[B] 

 

 

bout 1 

nce of 
rimitive 

 
gy at 

n 

 
gy at 

on the 

Palm 
, 

ord 


