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Ø The IB pseudomoemtnum equation has previously been derived using a shallow-water model 

Ø Pressure flux does not point in the direction of the group velocity of Rossby waves 
Ø The IB flux points in the direction of the group velocity of all waves at all latitudes 
               which is attributed to a divergence-form wave-induced pressure associated with the virial threorem 

h4p://www.jamstec.go.jp/frcgc/research/d1/aiki/	
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A† = A − A

∇yz = ⟨⟨∂y, ∂z⟩⟩
Q† = ψxx + ψyy + (ψzf

2
0 /N2)z

(∂t + u∂x)[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q†

] + ψx(β − uyy) = 0

Q†ψx = −∇yz · ⟨⟨−ψxψy︸ ︷︷ ︸
vgug

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
−f0vgρ†/ρz

⟩⟩

∂t[(1/2)Q†2/(uyy − β)
︸ ︷︷ ︸

E/Cx
p

] + ∇yz · ⟨⟨ −ψxψy︸ ︷︷ ︸
Cy

g (E/Cx
p )

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
Cz

g (E/Cx
p )

⟩⟩ = 0

∂tu − f0v
∗ = −∇yz · ⟨⟨−ψxψy︸ ︷︷ ︸

vgug

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
−f0vgρ†/ρz

⟩⟩

∂t[u + (1/2)Q†2/(β − uyy)
︸ ︷︷ ︸

−E/Cx
p

] − f0v
∗ = 0 (0.1)

A′ = A − A (0.2)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.3)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.4)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.5)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.6)

Q = ψxx + ψyy + (ψzf
2
0 /N2)z (0.7)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.8)

ψx = −Qt/β (0.9)
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Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.13)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.14)

∂t[E/Cx
p ]+

∇ · ⟨⟨Cx
g (E/Cx

p ), Cy
g (E/Cx

p ), Cz
g (E/Cx

p )⟩⟩ = 0, (0.15)

u′
t − (f0 + βy)v′ = −p′x,

v′t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′

y + w′
z = 0,

ζ ′ ≡ −ρ′/ρz = −p′z/N
2, (0.16)

q′ ≡ v′
x − u′

y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.17)

∂t[ζ ′zu
′ + η′q′/2]+

∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,
K = (u′2 + v′2)/2, G = (N2/2)ζ ′2, (0.18)

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.19)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.20)

2 H. Aiki and K. Takaya

Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.13)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.14)

∂t[E/Cx
p ]+

∇ · ⟨⟨Cx
g (E/Cx

p ), Cy
g (E/Cx

p ), Cz
g (E/Cx

p )⟩⟩ = 0, (0.15)

u′
t − (f0 + βy)v′ = −p′x,

v′t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′

y + w′
z = 0,

ζ ′ ≡ −ρ′/ρz = −p′z/N
2, (0.16)

q′ ≡ v′
x − u′

y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.17)

∂t[ζ ′zu
′ + η′q′/2]+

∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,
K = (u′2 + v′2)/2, G = (N2/2)ζ ′2, (0.18)

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′
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+(u′2 + v′2)/2︸ ︷︷ ︸
K
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︸︷︷︸
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= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.10)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.11)

Qψx︸︷︷︸
Qvg

= −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.12)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2) (0.13)

Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.14)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.15)

∂t[

E/Cx
p︷ ︸︸ ︷

Q2/(−2β)]+
∇ · ⟨⟨ugug − K + G︸ ︷︷ ︸

Cx
g (E/Cx

p )

, vgug
︸︷︷︸

Cy
g (E/Cx

p )

, ζ ′p′x︸︷︷︸
Cz

g (E/Cx
p )

⟩⟩ = 0 (0.16)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.17)

ζ ′(u′
z − w′

x) (0.18)

−ζ ′(u′
z − w′

x) (0.19)

∂t[E/cp]+
∇ · ⟨⟨Cx

g (E/Cx
p ), Cy

g (E/Cx
p ), Cz

g (E/Cx
p )⟩⟩ = 0, (0.20)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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A′ = A − A (0.1)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.2)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.3)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.4)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.5)

Q = v′
x − u′

y − f0ζ
′
z = ψxx + ψyy + (ψzf

2
0 /N2)z (0.6)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.7)

ψx = −Qt/β (0.8)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.9)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.10)

Qψx = −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.11)

K ≡ (ψ2
x + ψ2

y)/2, G ≡ ψ2
zf2

0 /(2N2) (0.12)
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in)height)coordinates)and)with)overbar)and)single)prime)
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MRWs, and EQWs.424

a. Gauge transformation between the CE and IB pseudomomentum equations425

It is of interest to identify the origin of the difference in the direction of the CE flux (Section 2g)426

and the IB flux (Section 2h). First we rewrite each component of the CE flux in each of the CE427

pseudomomentum equations (23a)-(23b) as428

−(ξ′xp
′ + u′π′

x)/2 = (ξ′p′x − u′π′
x)/2 − (ξ′p′/2)x, (29a)429

−(η′
xp

′ + v′π′
x)/2 = (η′p′x − v′π′

x)/2 − (η′p′/2)x, (29b)430

−(ζ ′
xp

′ + w′π′
x)/2 = (ζ ′p′x − w′π′

x)/2 − (ζ ′p′/2)x, (29c)431

−(ξ′yp
′ + u′π′

y)/2 = (ξ′p′y − u′π′
y)/2 − (ξ′p′/2)y, (29d)432

−(η′
yp

′ + v′π′
y)/2 = (η′p′y − v′π′

y)/2 − (η′p′/2)y, (29e)433

−(ζ ′
yp

′ + w′π′
y)/2 = (ζ ′p′y − w′π′

y)/2 − (ζ ′p′/2)y. (29f)434

We substitute (29a)-(29c) to the zonal component of the CE pseudomomentum equation (23a), and435

then single out the quantity, Λ ≡ [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2, to yield,436

[(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2︸ ︷︷ ︸
CE pseudomomentum

]t437

= −∇ · ⟨⟨(ξ′p′x − u′π′
x)/2 − Λ, (η′p′x − v′π′

x)/2, (ζ
′p′x − w′π′

x)/2⟩⟩, (30a)438

where the direction of the three-dimensional flux (which appears inside the divergence operator) has439

been changed from that in (23a) although the divergence of the flux remains the same. Likewise, we440

substitute (29d)-(29f) to the meridional component of the CE pseudomomentum equation (23b), and441

then single out the quantity Λ to yield,442

[(−u′ξ′y − v′η′
y + ζ ′π′

zy)/2︸ ︷︷ ︸
CE pseudomomentum

]t443

= −∇ · ⟨⟨(ξ′p′y − u′π′
y)/2, (η

′p′y − v′π′
y)/2 − Λ, (ζ ′p′y − w′π′

y)/2⟩⟩ + β(v′ξ′ − u′η′), (30b)444
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where (N2)x = 0 is understood. Likewise, taking the meridional derivative of (16a), (16b), and (9)297

yields,298

ξ′yt − fη′
y − βη′ = −π′

xy, (22a)299

η′
yt + fξ′y + βξ′ = −π′

yy, (22b)300

π′
zyt = p′zy = −N2ζ ′

y, (22c)301

where f = f0 + βy and (N2)y = 0 are understood.302

We now derive a prognostic equation for the zonal component of the CE pseudomomentum vector303

in (17). Multiplying (6a), (6b), (21c), (21a), (21b), ζ ′
t = w′ by −ξ′x/2, −η′

x/2, ζ ′/2, −u′/2, −v′/2,304

π′
zx/2, respectively, and then taking the sum of the six equations yields a prognostic equation for the305

zonal component of the CE pseudomomentum,306

[(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2︸ ︷︷ ︸
CE pseudomomentum

]t307

= −∇ · ⟨⟨−(ξ′xp
′ + u′π′

x)/2,−(η′
xp

′ + v′π′
x)/2,−(ζ ′

xp
′ + w′π′

x)/2⟩⟩︸ ︷︷ ︸
XCE flux

, (23a)308

which indicates that (−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 is a conserved quantity (detailed derivation in the sup-309

plementary information). The “three-dimensional” flux which appears inside the divergence operator310

in (23a) is hereafter referred to as the XCE flux or the CE flux. Next we derive a prognostic equation311

for the meridional component of the CE pseudomomentum vector in (17). Multiplying (6a), (6b),312

(22c), (22a), (22b), ζ ′
t = w′ by −ξ′y/2, −η′

y/2, ζ ′/2, −u′/2, −v′/2, π′
zy/2, respectively, and then taking313

the sum of the six equations yields a prognostic equation for the meridional component of the CE314

pseudomomentum,315

[(−u′ξ′y − v′η′
y + ζ ′π′

zy)/2︸ ︷︷ ︸
CE pseudomomentum

]t316

= −∇ · ⟨⟨−(ξ′yp
′ + u′π′

y)/2,−(η′
yp

′ + v′π′
y)/2,−(ζ ′

yp
′ + w′π′

y)/2⟩⟩︸ ︷︷ ︸
YCE flux

+β(v′ξ′ − u′η′)/2, (23b)317
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pseudomomentum equations (30a)-(30b) to yield,463

[(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2︸ ︷︷ ︸
CE pseudomomentum

]t464

= −∇ · ⟨⟨E − v′v′ + (v′η′)t/2, v
′u′ − (u′η′)t/2, ζ

′p′x − (ζ ′π′
x)t/2⟩⟩, (34a)465

[(−u′ξ′y − v′η′
y + ζ ′π′

zy)/2︸ ︷︷ ︸
CE pseudomomentum

]t466

= −∇ · ⟨⟨u′v′ − (v′ξ′)t/2, E − u′u′ + (u′ξ′)t/2, ζ
′p′y − (ζ ′π′

y)t/2⟩⟩ + β(v′ξ′ − u′η′)/2. (34b)467

It is clear that moving all terms with time derivatives on the right hand side of (34a)-(34b) to the left468

hand side will lead to reproduction of the IB pseudomomentum equations (27a)-(27b), understanding469

the explicit relationship between the CE pseudomomentum and the IB pseudomomentum in (18a)-470

(18b). We conclude that the quantity Λ ≡ [(ξ′p′)x +(η′p′)y +(ζ ′p′)z]/2 is at the heart of the difference471

in the direction of the CE and IB fluxes, which has been little mentioned in previous studies. It472

can be said that the IB and CE fluxes are linked by a gauge transformation associated with Λ. The473

quantity Λ is also useful for understanding the characteristics of the XIB flux associated with EQWs474

propagating in the zonal-vertical plane9.475

In the rest of this section, we investigate the characteristics of Λ for MIGWs, MRWs, and EQWs.476

In particular we suggest two approaches for estimating the quantity Λ. The first approach is based on477

the combination of the virial theorem and the potential vorticity equation (Section 3b). The second478

approach is based on the assumption of nearly-plane waves in the horizontal direction (Section 3c).479

9Substitution of (33a) to the zonal component of the XIB flux in (27a) yields E−v′v′ = −Λ+(ξ′p′x−u′π′
x)/2−(η′v′)t =

−(ξ′xp′ + u′π′
x)/2 − [(η′p′)y + (ζ ′p′)z + (η′v′)t]/2 where the −(ξ′xp′ + u′π′

x)/2 part is identical to the zonal component
of the XCE flux in (23a) and thus approximates to u′p′k/σ as in (26a). The time average of the remaining part
[(η′p′)y + (ζ ′p′)z + (η′v′)t]/2 ≃ [(η′p′)y + (ζ ′p′)z]/2 vanishes after taking an areal integral in the meridional-vertical
plane with assuming meridionally and vertically trapped waves. To summarize, for EQWs propagating in the zonal-
vertical plane, an areal integral in the meridional and vertical section is understood when discussing the relationship
between the XIB flux and the group velocity of the waves, via the pressure flux in the wave energy equation (14). This
feature originates from (18a) where the difference between the CE pseudomomentum and the IB pseudomomentum is
defined as a flux-divergence form.
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)

�9<A8?2��;8A?������<?2A1;9;92:@A9�2=A.@6;:�

where the direction of the three-dimensional flux (which appears inside the divergence operator) has445

been changed from that in (23b) although, as before, the divergence of the flux remains the same.446

Below we show that the modified forms of the CE pseudomomentum equations (30a)-(30b) are447

closely related with the IB pseudomomentum equations (27a)-(27b). First we multiply (6a), (6b), and448

(9) by ξ′, η′, and N2ζ ′, respectively, and then take the sum of the three equations to yield,449

(ξ′u′
t + η′v′

t) − f(ξ′v′ − η′u′) + ξ′p′x + η′p′y + ζ ′p′z + N2ζ ′2 = 0. (31)450

Equation (31) may be written as451

Λ ≡ [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2452

= K − G + f(ξ′v′ − η′u′)/2 − [(ξ′u′ + η′v′)/2]t453

= −E + (u′u′ − ξ′u′
t + v′v′ − η′v′

t)/2 + f(ξ′v′ − η′u′)/2, (32)454

where E ≡ (u′2+v′2+N2ζ ′2)/2 should be understood. Using (32), we now investigate each component455

of the three-dimensional flux in the modified forms of the CE pseudomomentum equations (30a)-(30b),456

(ξ′p′x − u′π′
x)/2 − Λ = E − v′v′ + (v′η′)t/2, (33a)457

(η′p′x − v′π′
x)/2 = v′u′ − (u′η′)t/2, (33b)458

(ζ ′p′x − w′π′
x)/2 = ζ ′p′x − (ζ ′π′

x)t/2, (33c)459

(ξ′p′y − u′π′
y)/2 = u′v′ − (v′ξ′)t/2, (33d)460

(η′p′y − v′π′
y)/2 − Λ = E − u′u′ + (u′ξ′)t/2, (33e)461

(ζ ′p′y − w′π′
y)/2 = ζ ′p′y − (ζ ′π′

y)t/2, (33f)462

where (33a) and (33e) have been derived using (6a)-(6b), (16a)-(16b), and (32) (detailed derivation463

in the supplementary information). We now substitute (33a)-(33f) to the modified forms of the CE464
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782

ζ ′v′
z + ξ′q′/2︸ ︷︷ ︸

DI wave activity

= −(ξ′u′ + η′v′)y + (fξ′2)x/2 + (fξ′η′)y/2783

+ (ξ′v′
x + η′v′

y + ζ ′v′
z)︸ ︷︷ ︸

vStokes

− [−u′ξ′y − v′η′
y + f(ξ′yη

′ − ξ′η′
y)/2]

︸ ︷︷ ︸
GL pseudomomentum

, (49b)784

where (11) and q′ ≡ v′
x − u′

y − fζ ′
z have been used, and uStokes and vStokes on the last line have785

been defined in (12a)-(12b) (detailed derivation in the supplementary information). The last term of786

each equation may be interpreted as an Eulerian approximation for the generalized Lagrangian (GL)787

pseudomomentum in Eq. (3.1) of AM78a.788

We now expand the quantity p + Λ on the right hand side of (45a)-(45a) to read,789

p + Λ = p + ξ′p′x + η′p′y + ζ ′p′z − Λ790

= p + ξ′p′x + η′p′y − ζ ′2N2 + G − K − f(ξ′v′ − η′u′)/2 + [(ξ′u′ + η′v′)/2]t791

= (p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

+[(ξ′u′ + η′v′)/2]t, (50)792

where the second line has been derived using (9) and (35), and the last line has been derived using (48).793

The first term on the last line of (50) represents an Eulerian approximation for the three-dimensional794

LM of hydrostatic pressure. Substitution of (49a)-(50) to the MEM momentum equations (45a)-(45a)795

yields,796

[
u + uStokes − [−u′ξ′x − v′η′

x + f(ξ′xη
′ − ξ′η′

x)/2]︸ ︷︷ ︸
GL pseudomomentum

]
t

797

+∇ · (Uu) − f(v + vStokes) − β(η′v′)798

= −[(p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

]x, (51a)799

[
v + vStokes − [−u′ξ′y − v′η′

y + f(ξ′yη
′ − ξ′η′

y)/2]
︸ ︷︷ ︸

GL pseudomomentum

]
t

800

+∇ · (Uu) + f(u + uStokes) + β(η′u′) + β(ξ′v′ − η′u′)/2801

= −[(p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

]y, (51b)802

38

buoyancy frequency N to vary in the vertical direction. Namely it does not matter whether waves are504

nearly-plane or non-plane in the vertical direction. For EQWs (which have a trapped-modal structure505

in the meridional direction), one may easily expect that (η′p′)y ̸= 0 and thus anticipates that Λ is506

nonzero. On the other hand, for MRWs, the quantity Λ must be nonzero in order for the CE and IB507

fluxes to look in different directions but this is not obvious from (36). To summarize, while (36) will508

be useful for the model diagnosis of Λ in a future study, it is not so useful for interpreting Λ.509

c. Second approach to estimate Λ: the assumption of nearly-plane waves in the horizontal direction510

We develop another equation to diagnose the quantity Λ,511

Λ = (ξ′p′x + η′p′y + ζ ′p′z)/2512

= (ξ′p′x + η′p′y)/2 − (N2/2)ζ ′2
513

= [−(π′
y + v′)p′x + (π′

x + u′)p′y]/(2f) − (N2/2)ζ ′2
514

= [−π′
yp

′
x + π′

xp
′
y]/(2f) + [v′(−p′x + fv′) + u′(p′y + fu′)]/(2f) − E, (37)515

where the first line has been derived using (8), the second line has been derived using (9), the third516

line has been derived using (16a)-(16b), the last line has been derived using E ≡ (u′2 + v′2 +N2ζ ′2)/2.517

It should be noted that (37) provides no restriction for the vertical profile of waves, which enables,518

if necessary, the buoyancy frequency N to vary in the vertical direction. Namely it does not matter519

whether waves are nearly-plane or non-plane in the vertical direction.520

An expression for Λ which is suitable for analytical interpretation may be obtained by substituting521

(6a)-(6b) to the right hand side of (37) and then applying a low-pass time filter to yield522

Λ = (−π′
yp

′
x + π′

xp
′
y)/(2f)

︸ ︷︷ ︸
≃0 for plane waves

+

≃E for MIGWs︷ ︸︸ ︷
(u′

tv′ − u′v′
t)/(2f)︸ ︷︷ ︸

≃0 for MRWs

−E. (38)523

The first term on the right hand side of (38) vanishes for both MIGWs and MRWs (but it is nonzero524

for EQWs to be explained later in the next paragraph). This is because the assumption of nearly-plane525

25

where the direction of the three-dimensional flux (which appears inside the divergence operator) has445

been changed from that in (23b) although, as before, the divergence of the flux remains the same.446

Below we show that the modified forms of the CE pseudomomentum equations (30a)-(30b) are447

closely related with the IB pseudomomentum equations (27a)-(27b). First we multiply (6a), (6b), and448

(9) by ξ′, η′, and N2ζ ′, respectively, and then take the sum of the three equations to yield,449

(ξ′u′
t + η′v′

t) − f(ξ′v′ − η′u′) + ξ′p′x + η′p′y + ζ ′p′z + N2ζ ′2 = 0. (31)450

Equation (31) may be written as451

Λ ≡ [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2452

= K − G + f(ξ′v′ − η′u′)/2 − [(ξ′u′ + η′v′)/2]t453

= −E + (u′u′ − ξ′u′
t + v′v′ − η′v′

t)/2 + f(ξ′v′ − η′u′)/2, (32)454

where E ≡ (u′2+v′2+N2ζ ′2)/2 should be understood. Using (32), we now investigate each component455

of the three-dimensional flux in the modified forms of the CE pseudomomentum equations (30a)-(30b),456

(ξ′p′x − u′π′
x)/2 − Λ = E − v′v′ + (v′η′)t/2, (33a)457

(η′p′x − v′π′
x)/2 = v′u′ − (u′η′)t/2, (33b)458

(ζ ′p′x − w′π′
x)/2 = ζ ′p′x − (ζ ′π′

x)t/2, (33c)459

(ξ′p′y − u′π′
y)/2 = u′v′ − (v′ξ′)t/2, (33d)460

(η′p′y − v′π′
y)/2 − Λ = E − u′u′ + (u′ξ′)t/2, (33e)461

(ζ ′p′y − w′π′
y)/2 = ζ ′p′y − (ζ ′π′

y)t/2, (33f)462

where (33a) and (33e) have been derived using (6a)-(6b), (16a)-(16b), and (32) (detailed derivation463

in the supplementary information). We now substitute (33a)-(33f) to the modified forms of the CE464
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b. First approach to estimate Λ: the combination of the virial theorem and the potential vorticity482

equation483

For readers who are unfamiliar with the virial theorem, we begin with noting a well-known equipar-484

tition statement between the wave kinetic energy (K) and the wave potential energy (G) associated485

with linear waves in a non-rotating frame (Bühler, 2009). The equipartition statement may be shown486

by manipulating (31) to yield,487

[(ξ′u′ + η′v′)/2]t − f(ξ′v′ − η′u′)/2 + [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2︸ ︷︷ ︸
≡Λ

+G = K. (35)488

If steady waves in a periodic non-rotating domain are considered, the first three terms on the left489

hand side of (35) vanish after application of a low-pass time filter. The result is that G becomes equal490

to K. Equation (35) may be referred to as an Eulerian expression for the virial theorem.491

For waves in a rotating frame, Andrews and McIntyre (1978b, hereafter AM78b) have used the virial492

theorem to explain the concept of generalized wave action. AM78b have eventually focused on three-493

dimensionally homogeneous waves (i.e. waves other than planetary waves) to ignore the quantity Λ.494

This may be confirmed by noting that 2Λ in the present study corresponds to (1/ρ)(ξjp′),j in Eq. (B2)495

of AM78b. Likewise 2(Λ + G) in the present study corresponds to (1/ρ̃)ξiKij(pξ),j in Eq. (4.10)496

of AM78b. On the other hand, Eckart (1963) has used the virial theorem to consider the stability497

problem of a mean flow. He has eventually removed the quantity Λ by taking a volume integral.498

We suggest that the virial theorem, as expressed by (35), is actually applicable to all waves at all499

latitudes as long as the quantity Λ is retained. Substitution of both the potential vorticity equation500

(11) and (25c)-(25d) to (35) and then application of a low-pass time filter yield,501

Λ ≃ K − G + (f/β)q′u′, (36)502

which allows us to estimate the quantity Λ analytically and numerically. Because η′ = −q′/β has503

been used, (36) is applicable to both EQWs and MRWs but not MIGWs (Table 2). It should be504

noted that (36) provides no restriction for the vertical profile of waves, which enables, if necessary, the505
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in the classical TEM momentum equation (3). Likewise the meridional and vertical components of658

the XIB flux in (44a) correspond to the Eliassen-Palm flux ⟨⟨F y, F z⟩⟩ in the classical TEM momentum659

equation (3). The set of (44a)-(44b) represents a unified expression for the effect of the various types660

of linear hydrostatic neutral waves in a planetary fluid, such as MIGWs, MRWs, and EQWs, on mean661

flows. As in (43a)-(43b), the last term on the right hand side of (44a)-(44b) represents the divergence662

of the IB flux in (27a)-(27b). Substitution of each of Λ ≃ 0 and Λ ≃ −E (associated with MIGWs663

and MRWs, respectively; see Section 3c and Table 2) to the generalized TEM momentum equations664

(44a)-(44b) yields an equation system which is consistent with that of M06 and Takaya and Nakamura665

(2001, hereafter TN01), respectively12.666

c. Low-pass filtered momentum equations based on the tendency of the DI wave-activity667

Subtraction of the IB pseudomomentum equations (27a)-(27b) from the generalized TEM momentum668

equations (44a)-(44b) yields (Fig. 2),669

[
u + uqs −

IB pseudomomentum︷ ︸︸ ︷
(ζ ′

zu
′ + q′η′/2)︸ ︷︷ ︸

DI wave activity

+(ξ′u′ + η′v′
︸ ︷︷ ︸

≃0

)x/2
]
t
+ ∇ · (Uu) − f [v + vqs + (ξ′v′ − η′u′)x/2] = −(p + Λ)x,670

[
v + vqs −

IB pseudomomentum︷ ︸︸ ︷
(ζ ′

zv
′ − q′ξ′/2)︸ ︷︷ ︸

DI wave activity

+(ξ′u′ + η′v′
︸ ︷︷ ︸

≃0

)y/2
]
t
+ ∇ · (Uv) + f [u + uqs − (ξ′v′ − η′u′)y/2] = −(p + Λ)y.671

where f = f0 +βy is understood. A nice feature is that the extra β term in the meridional component672

of the generalized TEM momentum equation (44b) has been cancelled out in equation (45a). It673

12In the limit of a sufficiently-weak mean flow, the quasi-geostrophic wave-activity flux associated with MRWs (that
has been symbolized by W) in TN01 corresponds to minus the XIB flux ⟨⟨E − v′v′, v′u′, ζ ′p′x⟩⟩ in the present study.
Likewise, in the limit of a sufficiently-weak mean flow, another flux Ws = −CUM + W in TN01 (where CU is the
apparent phase velocity and M is their quasi-geostrophic wave-activity associated with MRWs) corresponds to minus
the combined wave-induced momentum flux ⟨⟨Λ + E − v′v′, v′u′, ζ ′p′x⟩⟩ on the right hand side of the generalized TEM
momentum equation (44a) of the present study. See also Eqs. (8), (31), and (45-51) of TN01. This indicates that the
quantity Λ in (44a)-(44b) of the present study is closely related with CUM in TN01 in the limit of a sufficiently-weak
mean flow. Indeed, after application of an Eulerian time average (and also in the limit of a sufficiently-weak mean
flow), the quasi-geostrophic wave-activity M of TN01 in their Eq. (26) reduces to M ≃ E/(|U| − Cp) ≃ −E/Cp

where the symbols U and Cp are adapted from TN01. Thus CUM ≃ −ECU/Cp = −EU/|U| which corresponds to
⟨⟨Λ, 0, 0⟩⟩ ≃ ⟨⟨−E, 0, 0⟩⟩ in the present study.
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782

ζ ′v′
z + ξ′q′/2︸ ︷︷ ︸

DI wave activity

= −(ξ′u′ + η′v′)y + (fξ′2)x/2 + (fξ′η′)y/2783

+ (ξ′v′
x + η′v′

y + ζ ′v′
z)︸ ︷︷ ︸

vStokes

− [−u′ξ′y − v′η′
y + f(ξ′yη

′ − ξ′η′
y)/2]

︸ ︷︷ ︸
GL pseudomomentum

, (49b)784

where (11) and q′ ≡ v′
x − u′

y − fζ ′
z have been used, and uStokes and vStokes on the last line have785

been defined in (12a)-(12b) (detailed derivation in the supplementary information). The last term of786

each equation may be interpreted as an Eulerian approximation for the generalized Lagrangian (GL)787

pseudomomentum in Eq. (3.1) of AM78a.788

We now expand the quantity p + Λ on the right hand side of (45a)-(45a) to read,789

p + Λ = p + ξ′p′x + η′p′y + ζ ′p′z − Λ790

= p + ξ′p′x + η′p′y − ζ ′2N2 + G − K − f(ξ′v′ − η′u′)/2 + [(ξ′u′ + η′v′)/2]t791

= (p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

+[(ξ′u′ + η′v′)/2]t, (50)792

where the second line has been derived using (9) and (35), and the last line has been derived using (48).793

The first term on the last line of (50) represents an Eulerian approximation for the three-dimensional794

LM of hydrostatic pressure. Substitution of (49a)-(50) to the MEM momentum equations (45a)-(45a)795

yields,796

[
u + uStokes − [−u′ξ′x − v′η′

x + f(ξ′xη
′ − ξ′η′

x)/2]︸ ︷︷ ︸
GL pseudomomentum

]
t

797

+∇ · (Uu) − f(v + vStokes) − β(η′v′)798

= −[(p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

]x, (51a)799

[
v + vStokes − [−u′ξ′y − v′η′

y + f(ξ′yη
′ − ξ′η′

y)/2]
︸ ︷︷ ︸

GL pseudomomentum

]
t

800

+∇ · (Uu) + f(u + uStokes) + β(η′u′) + β(ξ′v′ − η′u′)/2801

= −[(p̃ + ξ′p′x + η′p′y)︸ ︷︷ ︸
LM pressure

−K − f(ξ′v′ − η′u′)/2︸ ︷︷ ︸
Bernoulli head

]y, (51b)802
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