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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (1.11)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k (1.12)

∫ +∞
−∞ cgE dy

=
∫ +∞
−∞ u′p′ dy

=
∫ +∞
−∞ [u′p′ + (p′ϕapp/2 + u′

ttϕ
app/β)y] dy

=
∫ +∞
−∞ [u′p′ + (p′ϕapp/2)y] dy

∫ +∞
−∞ cgE dy =

∫ +∞
−∞ u′p′ dy

cgE ̸= u′p′ (1.13)

2. Shallow-water equations

u′
t − fv′ + p′x = 0

v′
t + fu′ + p′y = 0

p′t + c2(u′
x + v′

y) = 0

E ≡ [u′2 + v′2 + (p′/c)2]/2

q′ ≡ v′
x − u′

y − (f/c2)p′ (2.1)

∂tE + ∇ · ⟨⟨u′p′, v′p′⟩⟩ = 0 (2.2)

∂tE + ∇ · ⟨⟨u′p′ + [p′2/(2f)]y, v′p′ − [p′2/(2f)]x⟩⟩ = 0 (2.3)
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Single-layer	equa:on	system	
for	linear	waves	without	a	mean	flow	

All	waves	at	all	la*tudes	
	
mid-laItude	IGWs	
mid-laItude	RWs	
coastal	KWs	

equatorial	IGWs	
equatorial	mixed	RGWs	
equatorial	RWs	
equatorial	KWs	

Longuet-Higgins	(1964),		
Orlandki	and	Sheldon	(1993)�

Diagnosable	expression	for	
group-velocity-based	energy	flux�

without	relying	on		
Fourier	analysis	

nor	
Ray	theory	

A new equation for the inversion of Ertel's potential vorticity 
to be used for the model diagnosis of group-velocity-based 
energy flux associated with waves at all latitudes 

Auto-focus for all waves	
Seamless at all latitudes	Aiki, Greatbatch and Claus 

(2017, Progress of Earth & Planetary Science) 

•  Model	diagnosis	in	past	20	years:	global	mapping	of	
						energy	conversion	rates	associated	with	eddies	and	external	forcing	
•  Model	diagnosis	in	future	studies:	global	mapping	of	
					energy	transfer	(flux	in	physical	space)	by	eddies	and	waves	
•  The	energy	flux	of	mid-laItude	IGWs	has	already	been	esImated	in	oceanic	studies	
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approximaIon		(trade-off	between	exactness	and	pracIcal	accessibility	for	model	diagnosis)	�

derived	from	
analyIcal	soluIon		

Standard	inversion	of	EPV	

How	to	es:mate	the	group-velocity-based	energy	flux	
for	all	waves	at	all	la:tudes	from	model	output?�

without	relying	on	Fourier	analysis	
nor	Ray	theory	

時間的ローパスフィルタに基づく擾乱位置エネルギーの収支式
∗ 相木 秀則 (名大・宇宙地球環境研)

∂2

∂x2
ϕ +

∂2

∂y2
ϕ +

∂

∂z

[
(f2 − 3ω2

b )
N2

∂

∂z
ϕ

]

=
ρz(f + vx − uy) − ρxvz + ρyuz

ρz

− f

１．はじめに
大気力学においては，東西平均を用いて擾乱エネルギーの収支を診断する研究がよく行われ
てきた．海洋力学においては，時間的ローパスフィルタ（以下，時間平均）を用いて擾乱エネ
ルギーの収支を診断するのが一般的である．擾乱エネルギーの収支式は，(i)擾乱運動エネル
ギーの収支式，(ii)擾乱位置エネルギー（以下，PE）の収支式，(iii)圧力フラックスの発散の
式の 3つによって構成される．(i)と (ii)の移流項によって平均流による擾乱エネルギーの空
間的移動が表され，(iii)の圧力フラックス（あるいはその改訂版）によって波動による擾乱エ
ネルギーの空間的伝達（即ち群速度ベクトル）が表される．時間平均を用いると，エネルギー
変換やエネルギーフラックスの水平分布が得られるため，大気や海洋の現象の詳しい診断に
適している．しかしながら，特に擾乱 PEの収支式については，過去の研究においてさまざま
な表現が使われており，それぞれの特徴についての共通見解や決定打的表現についての検討検
証が十分になされていない．

２．擾乱 PEの表現についての相互比較
海洋のようなBoussinesq近似できる成層流体を考える．xϵ, yϵ, zϵ, tϵを直線直交座標系の独立
変数，∇ϵ = (∂xϵ , ∂yϵ)を水平微分演算子，(u, v, w)を 3次元流速成分，V = (u, v)を水平流速ベ
クトルとする．3次元流速は非圧縮の条件を満たし，海水のポテンシャル密度ρ = ρ(xϵ, yϵ, zϵ, tϵ)
は次のような保存式を満たすとする．

∇ϵ · V + ∂zϵw = 0 (1)

∂tϵρ + ∇ϵ · (Vρ) + ∂zϵ(wρ) = 0 (2)

∂zϵp = −gρ/ρ0 (3)

G ≡ −∇ϵp (4)

　

∂tz
ϵ
ρ + ∇ · (zϵ

ρV) = 0 (5)

∂tz̃ρ + ∇ · (z̃ρV̂) = 0 (6)

A
ϵ (7)

Ã ≡ A
ϱ (8)

Â ≡ zϵ
ρA

ϱ
/z̃ρ (9)

A′ ≡ A − A
ϵ (10)

A′′ ≡ A − Â (11)

A′′′ ≡ A − Ã (12)
2.1 Euler平均に基づく定式化
任意の物理量Aについての Euler時間平均（即ち，深さを固定した時間的ローパスフィルタ）
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

∫ +∞
−∞ cgE dy

=
∫ +∞
−∞ u′p′ dy

=
∫ +∞
−∞ [u′p′ + (p′ψepv/2)y] dy

=
∫ +∞
−∞ [u′p′ + (p′ψepv/2 + u′

ttψ
epv/β)y] dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

E/cp︷ ︸︸ ︷
(−u′ξ′x − v′η′

x + ζ ′π′
zx)/2 = ζ ′zu

′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′
x⟩⟩/2

(−u′ξ′y − v′η′
y + ζ ′π′

zy)/2 = ζ ′zv
′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′

y⟩⟩/2 (0.27)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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u′u′ − K + G =

(ξ′p′x − u′π′
x)/2︸ ︷︷ ︸

u′p′/cp

− [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2
︸ ︷︷ ︸

≡Λ

(0.1)

u′p′/cp︷ ︸︸ ︷
(ξ′p′x − u′π′

x)/2 =u′u′ − K + G+

[(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2
︸ ︷︷ ︸

≡Λ

(0.2)

u′p′/cp︷ ︸︸ ︷
(ξ′p′x − u′π′

x)/2 = u′u′ − K + G + [(ξ′p′)x + (η′p′)y + (ζ ′p′)z]/2
︸ ︷︷ ︸

≡Λ

(0.3)

u′p′

u′p′ + [(f0 − βy)ψ2/2]y

[(f0 − βy)ψ2/2]y → −cpΛ (0.4)
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Auto-focus	feature:		Lambda=-E			(Rossby	wave)ŜLambda=0		(gravity	wave)	
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