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Abstract
While it has long been speculated that air tur-

bulence could accelerate the collision-coalescence of
cloud droplets and as such promotes the formation
of warm rain, progress has been very slow in quan-
tifying the turbulence effects. This results from the
complexity of the problem and the lack of quantita-
tive research tools. In this talk, we will report on an
on-going, systematic effort to quantify various effects
of turbulence on the rate of collision-coalescence of
small cloud droplets, including (1) the enhanced rela-
tive motion due to differential acceleration and shear
effects, (2) enhanced average pair density due to lo-
cal clustering of droplets, and (3) enhanced collision
efficiency due to turbulent fluctuations.

Recently, we have developed a Hybrid Direct Nu-
merical Simulation (HDNS) approach to treat the mo-
tion and interactions of a large number of particles
suspended in a turbulent flow. The HDNS approach
integrates an improved superposition method for the
disturbance flows due to droplets into a pseudospec-
tral simulation of undisturbed air turbulence. This al-
lows, for the first time, the direct incorporation of hy-
drodynamic interactions within DNS and computations
from first principles of statistical information related to
collision-coalescence. We are currently looking into
various methods to further improve the HDNS ap-
proach in order to account for near-field lubrication
forces and non-continuum effects. Here we present
some representative results that we have obtained, to
illustrate the capabilities and potential of the HDNS ap-
proach.

1. INTRODUCTION
The collision-coalescence of cloud droplets mov-

ing under gravity in a turbulent air is central to cloud
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microphysics and precipitation formation (Pruppacher
and Klett 1997). In this application, the volume frac-
tion � of liquid droplets is quite small (e.g., on the or-
der of �
	��� or less), yet the local hydrodynamic (or
aerodynamic) interactions of droplets must be con-
sidered since the growth of droplets by the collision-
coalescence process is of the central concern. In this
type of systems, a unique three-way coupling must
be considered: (a) the carrier-flow turbulence affects
the motion of the droplets through the interfacial vis-
cous drag; (b) the motion of each droplet can be af-
fected by the presence of other droplets in the sys-
tem, either through the strong local near-field binary
hydrodynamic interaction or by the cumulative many-
body, long-range interactions; and (c) the background
carrier-fluid turbulence can also affect the hydrody-
namic interactions as the background turbulence de-
fines both the far-field conditions and the local envi-
ronment for the hydrodynamic interactions. Recent ex-
perimental (Aliseda et al. 2003) and numerical (Wang
et al. 2006) studies reveal that this three-way inter-
actions must be carefully and systematically consid-
ered in these systems. In this paper, the terms par-
ticles and droplets are used interchangeably, so are
the terms hydrodynamic interaction and aerodynamic
interaction.

Without droplet collisions, these systems can be
treated with the usual one-way coupling assump-
tion (Crowe et al. 1998; Elghobashi 1994), provided
that the size of the droplets is much smaller than the
Kolmogorov scale of the carrier-fluid turbulence. On
the other hand, when the level of carrier-fluid turbu-
lence is very weak, the hydrodynamic interactions of
a dilute suspension are relatively well understood in
such field as suspension mechanics or microhydro-
dynamics (Batchelor 1972, 1982; Hinch 1988; Kim
and Karrila 1991; Nicolai et al. 1995; Davis 1996; Ra-
maswamy 2001). The situation when both the hydro-
dynamic interactions and the background turbulence
must be simultaneously considered is the subject of
this paper, and currently, to the best knowledge of the
authors, there is no rigorous theoretical and compu-
tational treatment of such systems. Here we report a
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first step toward developing a rigorous computational
approach for a three-way coupling system.

The motivation for this research is the need to
understand and quantify the effect of air turbulence
on the collision rates of droplets in atmospheric warm
clouds (Wang et al. 2005b). The topic has received
much attention in recent years (see reviews by Pinsky
and Khain (1997), Vaillancourt and Yau (2000), Shaw
(2003)). In warm clouds, the mass loading ratio is on
the order of 10 ��� or less, and the size of cloud droplets
(
����� 	��	� ) is typically one to two orders of mag-

nitude smaller than the Kolmogorov scale (
� �
��� )

of the air turbulence; the effect of the droplets on the
airflow momentum can be safely neglected. We must
note that there could still be a significant energy cou-
pling between the dispersed phase and the carrier fluid
if the net rate of condensation or evaporation of wa-
ter content is large enough to cause a significant la-
tent heat release. In this research, we treat the airflow
as nearly adiabatic and inter-phase energy coupling is
not considered. The hydrodynamic interactions must
be considered as we are concerned with the growth
of droplets caused by collision-coalescence. There-
fore, while we assume one-way coupling at the scale of
undisturbed carrier flow ( � 1 ��� ), we do consider all
couplings at the scale of droplet diameter (  0.1 ��� ).
An underlying assumption is that the undisturbed or
background turbulence is decoupled from the distur-
bance flows due to the separation in length scales of
the two types of flow fields. We note, however, that the
disturbance flows are strongly affected by the back-
ground turbulence.

With the assumptions mentioned above, we have
recently introduced a hybrid approach Wang et al.
(2005b); Ayala et al. (2006); Wang et al. (2006) that
is similar in concept to the superposition method of-
ten used to model collision efficiency in cloud micro-
physics (Langmuir 1948; Shafrir and Neiburger 1963;
Beard and Grover 1974; Lin and Lee 1975; Pinsky
et al. 1999), but is improved to explicitly consider the
no-slip boundary conditions on the surface of each
droplet Wang et al. (2005a). This hybrid approach
solves the background turbulent flow by the pseudo-
spectral method (Moin and Mahesh 1998) with a large-
scale forcing, and utilizes the improved superposition
method to embed analytically the local, small-scale (10
�	� to 1 ��� ) disturbance flows induced by the parti-
cles. This hybrid representation is then used to study
the combined effects of hydrodynamic interactions and
airflow turbulence on the motion and collisions of cloud
droplets. The hybrid approach should be viewed as a
first step as far as the treatment of local hydrodynamic
interactions is concerned. More rigorous treatments in
the suspension mechanics such as the Stokesian dy-
namics (Brady and Bossis 1988) and other improved
multipole methods (Sangani and Mo 1996; Ichiki and
Brady 2001; Sierou and Brady 2001; Ichiki 2002) are
appropriate if more accuracy is desired. Keeping the
treatment of hydrodynamic interactions simple at this

stage helps with the computational efficiency of the ap-
proach.

2. THE HYBRID DNS APPROACH
For the problem of droplets moving in a turbu-

lent cloud, the droplets can be considered as a sys-
tem of heavy particles carried by a turbulent airflow
field ����������� . Typical droplet volume fractions are on
the order of � (10 ��� ) and mass-loading on the order
of 10 ��� . Therefore, while the flow can affect the mo-
tion of droplets, the background air turbulence is not
affected by the presence of the droplets (one-way cou-
pling). The droplet size is typically one to two orders
of magnitude smaller than the smallest length scale of
the turbulence (the Kolmogorov length scale, � ). In a
stagnant fluid, the disturbance flow due to a droplet
could extend up to a region about 50 times the droplet
radius (Lin and Lee 1975, 1976). This length is on
the order of the Kolmogorov length scale of the airflow
turbulence or less. The particle Reynolds number is
on the order of 0.01 to 1.0. As a first step towards
the modeling of hydrodynamic interactions, the distur-
bance flow will be assumed to be a Stokes flow.

The background air turbulence ����������� is simu-
lated by solving the Navier-Stokes equation directly.
A large number ( �! ) of small droplets are intro-
duced into the computational domain, with velocities"�#%$'& �(���)�+*-, �.�0/1/1�2�  � . In our pseudospectral DNS
of the background turbulence, the grid spacing is typ-
ically twice the Kolmogorov length scale, 354 �76 � .
Clearly, the disturbance flows due to droplets are not
resolved by the DNS grid. The presence of the �  
droplets together will cause a disturbance flow field89 ���:�;��� which may be thought as a superposition of
the �  very localized Stokes flows surrounding the �  
droplets. Therefore,

8 9 ���:�<��� depends on the locations
of all �! droplets and their relative motion to the tur-
bulent fluid.

The flow field experienced by a droplet is then the
combination of the undisturbed turbulent flow �����������
and the disturbance flow

8 9 ���:�<��� but with its own dis-
turbance flow removed. The combined flow field,8�����������>=?�@���:�<���BA 89 ��������� , is referred to as the com-
posite flow field. The key element here is the proper
and optimum specification of

8 9 ��������� , provided that
����������� is known.

Since the Stokes disturbance flows are each gov-
erned by the linear Stokes equation, they can be su-
perimposed to still satisfy the same Stokes equation
locally (Wang et al. 2005a). This is the physical basis
of the superposition method (Langmuir 1948; Prup-
pacher and Klett 1997). The challenge is to satisfy
the no-slip boundary conditions for all the particles in
the system. Wang et al. (2005a) recognized that, by
optimizing the magnitude of the disturbance flow ex-
perienced by each particle, it is possible to satisfy the
no-slip boundary condition on the surface of each par-
ticle when averaged over the surface of the particle.



Specifically, the fluid velocity of the composite flow at
the center of each particle is equal to the velocity of
that particle. This requirement leads to a more accu-
rate representation of the force acting on a particle due
to the disturbance flows by all other particles than the
original superposition method.

In a turbulent carrier flow, the disturbance flow
field in a system containing �  small particles can be
written as

8 9 ����������,
����
$�� � 9��	��
 #%$ &����#%$'& � " #%$ &�� �@��� #%$'& ����� � 9 #%$'&�� �

(1)
where
9 � � 
 #%$'& ��� #%$'& � "�� #%$'& � =���� � #%$'&� #%$'& � ���� � #%$'&� #1$'&�� � 
 #%$'&

� � #%$ & � � � " � #%$ &�! 
 #%$'& �
A
� �� � #%$'&� #1$'& A �� � � #%$'&� #%$'&�� �" "	� #%$ & (2)

represents the Stokes disturbance flow due to the
* � th droplet of radius

� #1$'&
moving at velocity

" ��#%$'&
in an otherwise quiescent fluid, and


 #%$'& = � � � #%$'& .
Here � #%$'& is the instantaneous location of the * � th
droplet.

Eq. (1) contains explicitly the disturbance flow ve-
locity

9 #1$'&
at the location � #%$'& of the * � th droplet, due

to all other droplets in the system. In Eq. (1), the com-
bination # "@#%$'& � �@��� #%$'& ����� � 9 #%$'&�$ represents the rel-
ative velocity between the * � th droplet and the com-
posite flow

8�@���:�<��� , excluding the disturbance flow due
to the * � th droplet itself. Namely,

9 #%$ &
represents the

disturbance flow velocity due to all droplets except the
* � th droplet, at the location of the * � th droplet.

9 #%$'&
is determined by applying the center-point approxima-
tion (Wang et al. 2005a) to the boundary conditions8���&% 
 #%$'& %., � #%$'& ������, "�#%$ &

, yielding

9 #%$ & ,
� ��' � �(�)+*-,'/.�	$

9��	��0 # ' $ & �&� # ' & � " # ' & � �@��� # ' & �;��� � 9 # ' & � �
(3)

for *), �.� 6 �'/1/%/1�2�  , where
0 # ' $'& =1� #%$ & � � # ' & .

Therefore,
9 #%$'&

is a function of the background flow
field and, the instantaneous locations and velocities of
all particles. Eq. (3) implies that each disturbance flow
velocity component at the location of the k-th particle
will depend on all the disturbance flow velocity com-
ponents of all other particles. Eq. (3) is a large linear
system of dimension

�
�  .

Since the Stokes flow induced by the m-th particle
decays with

0 # ' $'&
as

� # ' &3254�# ' $'&
, as an approxima-

tion and also for computational efficiency, we truncate
the right hand side of Eq. (3) at

4 # ' $'& 2 � ' ,76 , or
only contributions to the summation from neighboring

particles with
4 # ' $'& 2 � '98 6 are considered. Phys-

ically, the dimensionless truncation radius 6 should
be made on the order of �;:=<  ��� � as the far-field
disturbance flow can be better modelled by the Os-
een’s equation (Kim and Karrila 1991; Noh and Fer-
nando 1993), where :=<  is the particle Reynolds num-
ber. The screening mechanism related to the fluid in-
ertia (Koch and Shaqfeh 1991; Ladd 1996; Brenner
1999) implies that, if the inter-particle separation is
larger than the flow Kolmogorov scale, the flow Kol-
mogorov scale could also affect the truncation radius6 . We speculate that, for a dilute turbulent suspension
considered in our paper, the truncation radius will de-
pend on both the particle size and the flow Kolmogorov
scale, the exact nature of these dependences is a topic
for future research. As a first step, in this study the
truncation radius 6 is determined by a combined con-
sideration of numerical accuracy and computational
efficiency. The efficient cell-index method, with cell
size equal to the truncation radius 6?> max � � � � � � � ,
and the concept of linked lists (Allen and Tildesley
1987) are used here to quickly identify all the pairs par-
ticipating in hydrodynamic interactions.

The drag force acting on the k-th particle due
to the interactions with the turbulent flow field and
the disturbance flow field can be rigorously shown to
be (Wang et al. 2005a)@ #%$'& �(����, �BADC � � $FE " #%$'& �(��� � � ����� #%$ & �(��� �����	A 9 #%$'& �+G /

(4)
Therefore, the equation of motion of any given particle
“ * ” is4 " #%$'& �(���4 � , � " #%$ & �(��� � � �@��� #%$'& �(��� �����	A 9 #%$ & �H #%$'& �JI �

(5)4 � #%$'& �(���4 � , " #%$'& �(���2� (6)

where H #%$'& , 65K  � � #%$'& � � 2 �;L � � is the particle inertial re-
sponse time,

K  is the density of the particle, and � is
the air dynamic viscosity. Without the disturbance flow,
there are two important governing parameters for the
motion of any particle (Wang and Maxey 1993): the
first is the Stokes number defined as M � = H  2 H $ , the
ratio of particle response time to flow Kolmogorov timeH $ ; the second is the nondimensional terminal velocity
defined as MON5= � H  % I % � 2QP $ , the ratio of particle termi-
nal velocity to the flow Kolmogorov velocity

P $ .
In both Eqs. (4) and (5), the disturbance flow ve-

locity experienced by each particle,
9 #%$ &

, plays the
central role.

What we have formulated is a hybrid DNS ap-
proach in which the disturbance flow is represented
analytically while the undisturbed turbulent flow is
solved numerically using an accurate pseudospectral
method. In this approach, the disturbance flows will
incorporate naturally the droplet-droplet hydrodynamic
interactions when droplets are in close proximity on the
scale of droplet diameter.



At each time step the following procedure is im-
plemented:

1. Advance the undisturbed fluid turbulence field
����������� using a pseudo-spectral method;

2. Interpolate the undisturbed fluid velocities at the
locations of the droplets, �@��� #%$'& ����� ;

3. Solve the disturbance flow velocity
9 #%$ &

experi-
enced by each droplet;

4. Advance the velocities and locations of the
droplets;

5. Detect droplet-droplet collision events and cal-
culate relevant kinematic and dynamic proper-
ties (Wang et al. 2005b) as necessary.

Typically, we consider a bidisperse suspension of
�  2 6 droplets of radius

� � and �  2 6 droplets of radius�
� . The simulation considers all hydrodynamic interac-

tions (i.e., � � � , � � 6 , 6 � 6 ), where � � � denotes hy-
drodynamic interactions among size-1 particles, � � 6
denotes hydrodynamic interactions of size-1 particles
with size-2 particles, and

6 � 6
hydrodynamic inter-

actions among size-2 particles. Further implementa-
tion details of the HDNS approach are discussed thor-
oughly in Ayala et al. (2006).

3. RESULTS FROM HDNS SIMULATIONS
In this section, we discuss representative results

that we have obtained with the HDNS approach, to
illustrate a few coupled effects of hydrodynamic in-
teractions and air turbulence on the relative motion
of droplet pairs as well as on the motion of a single
droplet in a turbulent suspension. The purpose here is
to demonstrate the capabilities and potential of the ap-
proach, as well as the need to further develop the ap-
proach in the future. More complete discussions of the
results are found in Wang et al. (2005b), Ayala (2005),
Ayala et al. (2006), and Wang et al. (2006).

3..1 Enhanced sedimentation
We shall first discuss the motion of a single

droplet in a suspension. Even without the background
air turbulence, a droplet may be affected by the dis-
turbance flows of other droplets, and as a result, can
settle on average at a velocity larger than its termi-
nal velocity. The slow decay of the Stokes disturbance
flow implies that the long-range manybody hydrody-
namic interactions can cause an increase in the aver-
age vertical velocity whose magnitude is proportional
to the volume fraction of the droplets and the square
of the truncation radius 6 in the HDNS representa-
tion (Batchelor 1972; Hinch 1988). This is discussed
in detail in Wang et al. (2006) who also developed a
theory to predict the mean velocity observed in HDNS
simulations. Table 1 provides some typical results in a
bidisperse suspension without the background air tur-
bulence. The rows from top to bottom in Table 1 are

the droplet radii in the bidisperse system, the volume
fraction for each size, the terminal velocity for each
size, observed increase in sedimentation in HDNS,
and the theoretical predictions given by Wang et al.
(2006).

When the background air turbulence is switched
on, we find two additional enhancements in the aver-
age velocity. The first is the preferential sweeping as-
sociated with the local preferential concentrations as
shown in Wang and Maxey (1993). We also find a
second enhancement due to the coupling of hydro-
dynamic interactions and preferential concentration,
since the effect of hydrodynamic interactions is gov-
erned by the local pair concentration. This is demon-
strated in Fig. 1 where we show the average verti-
cal velocity for each size in a bidisperse suspension,
for three different cases. In the first case (NT-AI), the
background air turbulence is switched off but the lo-
cal hydrodynamic interactions are turned on. In the
second case (T-NAI), the background air turbulence is
switched on but the hydrodynamic interactions are ig-
nored. In the third case (T-AI), both the background
air turbulence and the local hydrodynamic interactions
are activated. The results show that the enhanced set-
tling for the third case is larger than the sum of the
enhanced settling for the first two cases (Table 2). A
detailed discussion of these results and their interpre-
tation are given in Wang et al. (2006).

Figure 1: The difference between the quasi-steady aver-

age settling velocity and the terminal velocity, ��� # � &�
����� #	� &

,
as a function of time for 
����������� ����� � .

The enhanced settling due to coupled hydrody-
namic interactions and turbulence has been observed
in the experimental study of Aliseda et al (2002), and is



� ��� ��� � ��� � � � �(�	� � (20,25) (20,30) (20,50) (30,50)
� � ��� � / �D� < �JA �

/ � A < �JA � / ��� < �JA �./ � A < � �
� � � � � / � � < �JA �./ ���Q< � � A / � A < � � A / � A < � �� � ���

� (cm/2)
� / � � �	� 	 / 	�� � � / � 6 � � 	 / 	 	

�
�
�
/ � 6 � � 	 / 	 	 � 6 	 /

�
	 	 � 	 / 	 	 �� � � �� (cm/2)

� /
�
� 	 � 	 / 	 6

�
� 6 / �
�

� � 	 / 	 	 6 � �./ 6 � 6 � 	 / 	 � A � �./ L�� � � 	 / 	 � �� � ���
�

�� � ���
(cm/2) 	 /

� � �	� 	 / 	�� � 	 / � L � � 	 / 	 	
� � / 6 L 	 � 	 / 	 	 � � / � � � � 	 / 	 	 �� � � ��

���� � � (cm/2) 	 /
� � � � 	 / 	 6

�
	 / A � � � 	 / 	 	 6 L / � � L � 	 / 	 � A L / L�� 	 � 	 / 	 � �� � ���

�
��� � ���

(cm/2), Theory 	 /
��� A 	 / � � 	 � / � � L � / � � 	� � � ��

��� � � � (cm/2), Theory 	 /
��� A 	 / � � � � / ��L � � / � � 6

Table 1: Comparison of the simulated settling velocity with theory in still air, for � ���� .

Case NT-AI Case T-NAI Case T-AI� � � ���
�
� �� � ���

: HDNS 0.2309 1.0941 1.5226� � � ���
�
� ��� � ���

: Theory 0.2240 – –� � � � ��
� ���� � � : HDNS 0.2315 0.9114 1.2641� � � � ��
� ��� � � � : Theory 0.2238 – –� � � � � ����

��� � � ���
�
� � � � : HDNS 0.2648 9.62171 9.63413� � � � � ����

��� � � ���
�
� � � � : Theory 0.2574 – –� � � � � � ��

��� � � � �� � � � � : HDNS 0.2560 9.73207 9.73594� � � � � � ��
��� � � � �� � � � � : Theory 0.2580 – –

Table 2: Results for the increased settling velocities (cm/s). All HDNS data were averaged over time from � ����� �
� s to � ����� ���
s. 
 � �������� ����� � .

only qualitatively understood at present. When scaled
with the realistic liquid water content (i.e., 1 � 2 � � ) in
atmospheric clouds, the relative increase in the set-
tling rate is about

6��
to
� �

and should be viewed as
a small change. Since there is a distinct difference in
Reynolds number between the HDNS airflow and the
atmospheric turbulence, the question of whether this
change increases with flow Reynolds number should
be studied in the future. This Reynolds number de-
pendence is related to the issue of the Reynolds num-
ber dependence of the radial distribution function (e.g.,
Collins and Keswani 2004). The results of Yang and
Shy (2005) on increased settling rate of solid parti-
cles in turbulent air appear to suggest a strong flow
Reynolds number dependence. In engineering ap-
plications where the volume fractions of droplets and
flow dissipation rates are much higher, the level of in-
crease in the settling rate could be much more signifi-
cant (Aliseda et al. 2003; Yang and Shy 2005). For ex-
ample, in the experiments of Aliseda et al. (2003) the
flow dissipation rates are one to two orders of magni-
tude higher. Under a similar level of volume fractions,
Aliseda et al. (2003) found a much higher level of in-

creased settling. The underlying mechanisms are es-
sentially the same as these discussed above. A direct
comparison with the data of Aliseda et al. (2003) would
require a further parametric study of the turbulent sed-
imentation for different droplet size combinations and
flow dissipation rates as well as the use of a polydis-
perse size distribution.

3..2 Relative motion and collision efficiency
Now we discuss some results related to a pair

of droplets. Many authors have studied the hydrody-
namic interaction effects on the collisions of two iso-
lated particles settling in a stagnant fluid (Shafrir and
Neiburger 1963; Lin and Lee 1975; Davis and Sartor
1967; Klett and Davis 1973). This can be viewed as a
special case in our approach and thus can be used as
a consistency validation test for the implementation of
our approach.

The parameter used to measure the hydrody-
namic interaction effects on the collision of two par-
ticles is the collision efficiency � � � . For the case of
two isolated particles settling in a stagnant fluid, � � �



Figure 2: A benchmark problem typically used in cloud
physics community to measure hydrodynamic interaction ef-
fects. The larger particle in the test is a water droplet of � � =25� � . The fluid is stagnant. The solid line represents collision
efficiency � � � obtained using Eq. (7). The dots are numerical
results based on Eq. (8) using our general approach.

can be computed as (Pruppacher and Klett 1997)

� � � ,
� ��: � (7)

where the geometric collision radius : is the sum of
the radii of two colliding particles, :7, � � A �

� ;
� �

is the far-field, off-center horizontal separation of the
grazing trajectory of the smaller particle relative to the
larger particle. As a result of hydrodynamic interac-
tions, � � is smaller than : . In our general approach,
a large number of particles are simultaneously consid-
ered with many-body interactions, � � � is then the ratio
of number of collisions with hydrodynamic interactions
to the number of collisions when the hydrodynamic in-
teractions are completely ignored

� � � ,
Number of collisions with HI

Number of collisions without HI
(8)

To obtain the collision efficiency based on equa-
tion (7), we developed a test code similar to previous
studies of Klett & Davis (Klett and Davis 1973) and
Lin & Lee (Lin and Lee 1975). The trajectories of two
particles falling under gravity in a stagnant fluid are
numerically integrated. The initial far-field off-center
horizontal separations was varied until the grazing tra-

���	� ��
��

Figure 3: Three grazing trajectories of 20 � � water droplet
relative to 25 � � water droplet. (a) without turbulence, (b)
turbulence at 
 =400 cm � /s � . The time interval for visualiza-
tion was set to about 42% the inertial response time of the 20� � droplet. The small cube in (a) has edge length equal to
collision radius, while the small cube in (b) has edge length
equal to 10% flow Kolmogorov length scale. The small cone
indicates the direction of gravity.

jectory was found. The hydrodynamic interactions be-
tween the particle pair were modeled using the same
improved superposition method (Wang et al. 2005a).

Fig. 2 shows the results from the two different ap-
proaches. The solid line represents � � � obtained us-
ing Eq. (7), while the dots are numerical results using
our general approach. In this test, the large particle is
a water droplet of

� � =25 � m in radius. In our general
code, turbulence was deactivated to allow the droplets
to settle under gravity and hydrodynamic interactions
only. Four different cases with

�
�
2 � � =0.2, 0.4, 0.6, and

0.8 were considered. An excellent agreement is ob-
served between the general approach and the simple
approach. This is expected as the volume concentra-
tion of particles is very low (

� � 	 ��� ) so two-particle in-
teractions dominate hydrodynamic interactions in the
system.

Fig. 3 illustrates the hydrodynamic interactions
between two particles using our hybrid DNS approach
for identical parameter setting but with the background
turbulence switched off and on. Here the three tra-
jectories of the smaller particles relative to the large
particles were selected with a minimum separation dis-
tance less than 1% of the collision radius. They can be
viewed as relative grazing trajectories. An important
observation is that while the relative motion is nearly
vertical when there is no turbulence, the trajectories
are strongly curved for the turbulent flow case and as
such pairs may approach from any relative directions
in the far field, making the use of Eq. (7) inapplica-
ble as a definition of collision efficiency. In all cases
the trajectories become curved when the small parti-
cle is at a close proximity of the larger particle, due to
the hydrodynamic interactions. Fig. 3b shows that our
approach captures both the effects of the background
turbulence and hydrodynamic interactions on the rela-
tive motion of droplets.

The HDNS approach allows us to obtain kine-
matic statistics such as the relative velocity and ra-
dial distribution function. Recently, Wang et al. (2005b)



showed that the following general formulation

� � � ,
6 C : � � % ����% � � , : � � � � � � � , : � � (9)

remains valid when a geometric effect due to the non-
overlap of droplets is taken into account. Here ��� is
the radial relative velocity and � � � is the radial dis-
tribution function (Sundaram and Collins 1997; Wang
et al. 2000). Wang et al. (2005b) reported results on
the effects of hydrodynamic interactions on the rela-
tive motion and radial distribution function. They found
that hydrodynamic interactions become less effective
in changing the relative radial velocity in a turbulent
flow, when compared to the pure hydrodynamical-
gravitational problem. This is the main reason that tur-
bulence enhances the collision efficiency, in addition
to augment the geometric collision rate. They also ob-
served that hydrodynamic interactions increases the
nonuniformity of near-field pair density distribution, re-
sulting in higher radial distribution function at contact
when compared to the geometric collision case.

To separate the effect of turbulence on collision
efficiency from the previously observed effect of tur-
bulence on geometric collision rate, we define two en-
hancement factors. The first measure the effect of tur-
bulence on the geometric collision rate

����,
� � � ���
	��
;���� � � ���
	��
;�

� (10)

where
� � � � ����	
�
�� is the geometrical gravitational col-

lision kernel. Here ”No HI” indicates hydrodynamic
interactions are ignored. The second is the ratio of
collision efficiency in a turbulent flow to that for the
hydrodynamical-gravitational problem

����, � � �� �� �
/ (11)

Figure 4 shows the enhancement factors due to tur-
bulence for cross-size collisions. The enhancement
factor ��� on the collision efficiency shows little depen-
dence on :�� and it is larger for both limiting cases�
�
2 � ��� 1 and

�
�
2 � ��� 0. An enhancement up to

a factor of 4 is observed for
�
�
2 � � = 0.9 and

� � =20
�	� with � = 400 cm � /s � . For the limit of

�
�
2 � � � 1,

the turbulent flow produces a fluctuating far-field condi-
tion. This combined with finite droplet inertia limits the
effectiveness of hydrodynamic interactions in altering
the droplet trajectories. This results in more collisions
in turbulent air. For the other limit

�
�
2 � ��� 0, the colli-

sion efficiency for the stagnant fluid case is very small.
Minor modifications by turbulence such as local fluid
shear and acceleration can affect the otherwise well-
defined relative motion characterizing the small colli-
sion efficiency.

In general, the enhancement factor is smaller for
larger

� � as (1) the gravity plays a more dominant role
in defining the disturbance flows and (2) the time scale
for HI ( � : 2 � P  � � P  � � ) is reduced. Air turbulence is

(a)

(b)

(c)

Figure 4: Turbulent enhancement factors for � � =30 � � .
(a) Enhancement factor � � on the collision efficiency, (b) en-
hancement factor ��� on the geometric collision kernel, and
(c) total enhancement factor ��� ( � � � � ).



only effective in altering HI when i) the level of turbu-
lence fluctuations at pair separation close to contact,
as governed by � , is comparable to � P  � � P  � � , and
ii) the hydrodynamic interaction time becomes compa-
rable to H  � , the inertial response time of the smaller
droplet. The first condition may be roughly stated as:
� P $ 2 � �P  � � P  � , L 6 KK�� �

���
� � � �J� � ��% I % 8�� � � (12)

therefore, this condition implies a larger � and a value
of
�
�
2 � � close to one. The second condition may be

stated as :
� P  � � P  � � H  � , � L 6 KK�� � � � � 2 % I %�

� � �
� � �J� � � 8�� � /

(13)
This condition favors the two limiting cases of�
�
2 � � � 0 and

�
�
2 � � � 1. The above simple scaling

arguments explain qualitatively the observed � � be-
havior shown in fig. 4a. They also explain why the
effect of turbulence on ��� decreases with increasing� � for a fixed

�
�
2 � � , as shown in Ayala (2005).

The enhancement factor � � on the geometric col-
lision kernel depends on : � and � . In this case, the
first condition, equation (12), should be satisfied for a
large � � , namely, large � and

�
�
2 � ��� 1. This qualita-

tively explains the general behavior in fig. 4b. Other
conditions for enhanced geometric collision through
particle clustering would be H  � H $ (Wang and Maxey
1993) and �  = H  P  � 2�� N
	 ��� , H  ��% I % � 2 � � � (Davila
and Hunt 2001). For � =0.17 cm � /s, % I % =980 cm/s � ,K�� 2 K�

1000, the condition �	 � � implies�  � 6 � � m / (14)

The condition of H  � H $ yields�  �(�	��� � �����# �0� in cm � 2 s � � $���� �  / (15)

For the range of dissipation rate in clouds ( � 8 5000
cm � /s � ), we then expect that the preferential concen-
tration is important for

6 � � m � �  �(�	� � 8 �
���# �0� in cm � 2 s � � $ ��� �  /
This range is 21 � m � �  �(�	� � 8 56 � m for � =100
cm � /s � and 21 � m � �  �(�	� � 8 40 � m for � =400
cm � /s � .

The overall enhancement factor by turbulence � �
is equal to ��� � � and typical results are shown in fig-
ure 4c. This can be in the range of 2 to 7 when�
�
2 � � � 1, for the two dissipation rates studied. The

maximum overall enhancement of about 7 occurs for� � =20 �	� ,
�
� =18 �	� , and � =400 cm � /s � .

4. SUMMARY AND FUTURE WORK
A hybrid direct numerical simulation method was

proposed for turbulent collisions of hydrodynamically-
interacting particles. The method consists of direct

simulation of an undisturbed turbulent flow, generated
and maintained at large scales, and a analytical rep-
resentation of local small-scale disturbance flows in-
duced by the presence of particles. The no-slip bound-
ary condition on each particle was satisfied when av-
eraged over the surface of the particle (Wang et al.
2005a). The approach assumes that (1) the distur-
bance flow is very localized in space due to the dom-
inant viscous effect; (2) there is a sufficient separa-
tion of length scales, namely, the particle size is much
less than the smallest length scale (i.e., Kolmogorov
length) of the undisturbed flow. The hybrid DNS ap-
proach, although very preliminary in nature, repre-
sents the most advanced approach available for treat-
ing turbulent collision of hydrodynamically-interacting
particles (Wang et al. 2005b). It was found that air
turbulence can moderately enhance both the geomet-
ric collision rate and collision efficiency. This moder-
ate increase in the collection kernel can have a sig-
nificant impact on the growth of cloud droplets (Xue
et al. 2006). The approach has also been used to
understand, in a turbulent flow, the enhanced settling
of particles due to hydrodynamic interactions (Wang
et al. 2006), a phenomenon observed experimentally
by Aliseda et al. (Aliseda et al. 2003).

Several implementation issues of the hybrid ap-
proach were discussed in Ayala et al. (2006) to ensure
numerical accuracy and consistency of the approach,
including the determination of time step size, the hy-
drodynamic interaction radius, and iterative method for
the disturbance velocities. Guidelines have been de-
veloped for the time step size and the hydrodynamic
interaction radius.

As was pointed out in the Introduction, the method
shown here represents a first step towards a rigorous
modeling of a three-way coupling system. Here we
comment on future directions to further develop the hy-
brid DNS approach. First, the hydrodynamic interac-
tion radius needs to be formulated in terms of a more
realistic representation of the far-field disturbance flow
with a consideration of fluid inertial effects in both the
disturbance flow and the background turbulence. This
would eliminate the need to adjust 6 in our approach.
Second, the improved superposition method does not
correctly model the lubrication force between two par-
ticles, as pointed out in Wang et al. (2005a). Analyti-
cal methods using multipole techniques at large sep-
arations and lubrication expansion for small separa-
tions (Jeffrey and Onishi 1984; Davis 1984; Chun and
Koch 2005) are the logical next step to improve our
approach. Finally, when the minimum separation be-
tween two particles approaches the mean free path of
fluid medium, non-continuum effects (Hocking 1973;
Sundararajakumar and Koch 1996) will have to be in-
cluded.
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