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1. INTRODUCTION

Representation of stably-stratified boundary-layer turbu-
lence in numerical models of atmospheric circulation
is one of the key unresolved issues that slows down
progress in climate modeling, numerical weather pre-
diction, and related applications. Turbulence in a stably
stratified boundary layer (SBL) is weak and often inter-
mittent in space and time. It responds to various effects,
for example, internal gravity waves, cold air meandering,
and horizontal inhomogeneity of the underlying surface.
Current SBL models (parameterization schemes) do not
include these important effects in a physically meaning-
ful way.

The majority of SBL turbulence models are based
on truncated budget equations for the second-order mo-
ments of fluctuating fields. In spite of their fundamen-
tal importance (see a discussion in Mironov, 2009), the
second-moment budgets in the SBL have not been sys-
tematically analyzed so far. In most large-eddy simula-
tion (LES) and direct numerical simulation (DNS) stud-
ies performed to date, the emphasis is on the turbulence
kinetic energy (TKE) budget (e.g. Coleman et al., 1992;
Brown et al., 1994; Kosović and Curry, 2000; Saiki et al.,
2000; Jiḿenez and Cuxart, 2005; van Dop and Axelsen,
2007; Taylor and Sarkar, 2008). Very few attempts have
been made to analyze other second-moment budgets,
such as the budget of temperature variance (e.g. Mason
and Derbyshire, 1990) and of Reynolds stress and scalar
flux (e.g. Andŕen, 1995). It should also be noted that the
LES-based second-moment budgets are often estimated
on the basis of resolved-scale fields only. However, the
sub-grid scale (SGS) contributions may be substantial,
particularly in the SBL, and should be retained in order
to close the second-moment budgets to a good order. In
the present study, the budgets of TKE, of the potential
temperature variance, and of the vertical component of
the potential temperature flux are considered using a data
set generated by LES.
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Another important aspect of the SBL that is not
yet satisfactorily understood is how surface heterogene-
ity, e.g. with respect to the temperature, modifies the
structure and the transport properties of the SBL tur-
bulence. Stoll and Porté-Agel (2009) performed LES
of SBL over a temperature-homogeneous surface and
over a temperature-heterogeneous surface where span-
wise homogeneous surface temperature patches alternate
between two temperature values but the horizontal-mean
surface temperature is the same as in their homogeneous
runs. They found, among other things, that the heteroge-
neous SBL is more turbulent and is better mixed with
respect to mean potential temperature. We attempt to
explain the enhanced vertical mixing in the SBL over
temperature-heterogeneous surface through a compara-
tive analysis of the second-moment budgets in homoge-
neous and heterogeneous SBLs.

In what follows, we use standard notation wheret is
time, xi are the right-hand Cartesian co-ordinates,ui are
the velocity components,θ is the potential temperature
(for the sake of brevity, it will also be referred to as sim-
ply “temperature”),p is the kinematic pressure (devia-
tion of pressure from the hydrostatically balanced pres-
sure divided by the reference densityρr ), βi = −gi/θr

is the buoyancy parameter,gi is the acceleration due to
gravity, θr is the reference value of temperature, andf
is the Coriolis parameter. The Einstein summation con-
vention for repeated indices is adopted. An overbar( )
denotes a resolved-scale (filtered) variable computed by
a large-eddy model. The angle brackets〈( )〉 denote a
horizontal mean, and a double prime( )′′ denotes a fluc-
tuation about a horizontal mean.

2. LES DATA SET

The LES code used in the present study is described in
detail in Moeng (1984), Moeng and Wyngaard (1988),
Sullivan et al. (1994, 1996), and Sullivan and Patton
(2008). The Boussinesq approximation is used which is a
fairly accurate approximation for the lower troposphere.
In our simplified configuration, potential temperature is
the only thermodynamic variable that affects the distribu-



tion of buoyancy. Thex3 axis is aligned with the vector
of gravity and is directed upwards. The buoyancy param-
eterβ3 = −g3/θr is constant, whereg3 = −9.81 m·s−1

andθr = 265 K.
One SBL flow with the temperature-homogeneous un-

derlying surface, referred to as case HOM, and one flow
with the temperature-heterogeneous surface, referred to
as case HET, are generated. In both simulations, the
number of grid points is 200, 200, and 192 in the stream-
wisex1, spanwisex2, and verticalx3 directions, respec-
tively, and the numerical domain size is 400 m in all
directions. The flows are driven by a constant stream-
wise geostrophic windUg = 8.0 m·s−1; the spanwise
geostrophic windVg is zero. The Coriolis parameter is
f = 1.39·10−4 s−1, and the surface roughness length for
both wind and temperature isz0 = 10−1 m.

In both simulated cases, periodic boundary conditions
are applied in thex1 and x2 horizontal directions. At
the upper boundary of the numerical domain, zero SGS
TKE, free-slip for the horizontal velocity components,
the potential temperature lapse rateΓθ = 10−2 K·m−1,
and the radiative boundary conditions that allow internal
gravity waves to leave the system are applied. At the
underlying surface, velocities are zero, and the vertical
fluxes of horizontal momentum and of heat (temperature)
are evaluated from surface layer similarity. The Monin-
Obukhov surface-layer flux-profile relationships are ap-
plied locally, i.e. point-by-point in the LES. The surface
fluxes for each model grid box are computed using the
surface temperature and the temperature and velocity at
the first model level above the ground.

The time varying surface temperature is determined
by a specified surface cooling rate. In the homogeneous
case, a constant cooling rateRc = −0.375 K·hr−1 is ap-
plied over the first 8 hours of the simulations. In the het-
erogeneous case, the cooling rate is constant in the span-
wise direction and varies sinusoidally in the streamwise
direction as

(

∂θ/∂t
)

s f c = Rc [1+sin(2πx1/L1)], where
L1 is the domain size in thex1 direction. The horizontal-
mean surface temperature is the same as in the homo-
geneous case. Eight hours of cooling lead to a surface
temperature difference of 6 K between the warm and the
cold stripes. Following this initial period, both simu-
lations are continued, using a constant cooling rateRc.
The set-up of our simulation is broadly similar to that of
Stoll and Port́e-Agel (2009) differing in the magnitude
of the surface cooling rate and the shape of the surface-
temperature heterogeneity patterns (a series of spanwise
homogeneous surface temperature patches that alternate
between two temperature values in the simulations of
Stoll and Port́e-Agel versus a sinusoidal variation of the
surface temperature in our simulations).

The initial temperature profile has a two-layer struc-
ture. A layer of depthhi = 100 m and depth-constant

temperatureθ = θr is capped by a stratified layer where
the temperature increases linearly at a rateΓθ. The ini-
tial velocity componentsu2 andu3 in the spanwise and
vertical direction, respectively, are zero throughout the
domain. The initial streamwise velocity componentu1 is
set equal toUg. To facilitate the growth of turbulence,
small random disturbances are added to the initial tem-
perature and velocity fields in the lower part of the do-
main (x3 < hi), and the SGS TKE there is set to a small
value.

In order to obtain approximations to ensemble-mean
quantities, the LES data are averaged over horizontal
planes and the resulting profiles are then averaged over
several thousand time steps. The number of samples
varies between the two cases but the sampling time cov-
ers the last 1.75 hours of simulations. It should be
noted that the LES averages (presumably) tend to the true
ensemble-mean quantities as the resolution is increased.

3. MEAN FIELDS AND SECOND-ORDER MO-
MENTS

Vertical profiles of the streamwiseU = 〈u〉 and the span-
wiseV = 〈v〉 mean wind components and of mean tem-
peratureΘ =

〈

θ
〉

are shown in Fig. 1. A comparison of
cases HOM and HET suggests that in the latter the SBL
is deeper. The components of mean wind are quite simi-
lar in shape in both cases (except for〈v〉 near the bound-
ary layer top), whereas the mean temperature profiles are
essentially different. The SBL over a temperature-hete-
rogeneous surface is much better mixed with respect to
〈

θ
〉

. The results shown in Fig. 1 confirm previous find-
ings of Stoll and Port́e-Agel (2009).

Figure 2 shows vertical profiles of turbulence ki-
netic energy, TKE=

〈

u′′2i

〉

+ 〈e〉, temperature variance,

TT=
〈

θ′′2
〉

+ 〈ϑ〉, and vertical temperature flux, U3T=
〈

u′′3θ′′
〉

+ 〈τ3θ〉. The second-order moments are esti-

mated with due regard for the SGS contributions. The
SGS TKEe and (the vertical component of) the SGS
temperature fluxτ3θ are computed by the SGS model.
The SGS temperature varianceϑ, which is not computed
by the SGS model, is estimated asϑ = 5τ2

iθ/e, where the
numerical value of the coefficient follows from the con-
sideration of the inertial sub-range temperature spectrum
(Moeng and Wyngaard, 1988).

The TKE in the heterogeneous case is larger and the
magnitude of the downward temperature (heat) flux is
reduced over most of the boundary layer. The temper-
ature variance reveals an even more striking difference
between HOM and HET. In the heterogeneous case, it
has a distinct maximum near the SBL top, apparently
due to an increased mean temperature gradient and hence
an increased temperature-variance production. The most
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Figure 1: Streamwise (solid curves) and speanwise (dashed curves) components of mean wind (left panel) and mean
temperature (right panel) from simulations HOM (blue) and HET (red).

pronounced difference between HOM and HET is close
to the surface where the temperature variance is much
larger in the heterogeneous case. This increase in the
temperature variance helps explain the reduced magni-
tude of the downward temperature flux and more vigor-
ous mixing in the heterogeneous SBL. The issue is dis-
cussed below in more detail in the context of comparative
analysis of the second-moment budgets.

4. SECOND-ORDER MOMENT BUDGETS

First, we briefly explain how approximations to the
ensemble-mean budget equations for the second-order
moments are obtained from numerical data generated
with an LES. It should be emphasized that the second-
moment budgets derived from LES are not the same as
the ensemble-mean budgets. The relation between the
two sets of budget equations is not entirely straightfor-
ward, and the approach used by various authors is not
always made clear.

Consider the budget of the temperature variance. We
“forget” for a moment that the averaging denoted by
angle brackets is the averaging over the horizontal that
makes a number of terms in the second-moment budgets
disappear. The temperature-variance budget equation is
first presented in its full three-dimensional form. Then,
it is simplified by taking the properties of the horizontal
averaging into account.

The budget equation for the resolved-scale tempera-

ture variance
〈

θ′′2
〉

is obtained from the filtered tem-

perature equation in a usual way. Subtracting from the
transport equation forθ its horizontal mean yields the
equation forθ′′. Multiplying that equation byθ′′ and av-

eraging the result yields the equation for
〈

θ′′2
〉

. It reads

1
2

(

∂
∂t

+ 〈ui〉
∂

∂xi

)

〈

θ′′2
〉

=

−
〈

u′′i θ′′
〉 ∂
〈

θ
〉

∂xi
−

1
2

∂
∂xi

〈

u′′i θ′′2
〉

−

〈

θ′′
∂τ′′iθ
∂xi

〉

, (1)

whereτiθ = uiθ−uiθ is the SGS temperature flux. We
use the Lilly (1967) notation with no primes to empha-
size that the filter operator used to derive the governing
equations of a large-eddy model should not necessarily
satisfy the Reynolds averaging assumption. The first two
terms on the right-hand side (r.h.s.) of Eq. (1) represent
the effects of the mean-gradient production-destruction
and of the turbulent transport of the resolved-scale tem-
perature variance, respectively. The physical meaning
of the last term on the r.h.s. is discussed below. Recall
that the filtered equations used by a high Reynolds num-
ber LES do not contain molecular terms. As a result,
the equations for the resolved-scale second-order mo-
ments do not contain molecular destruction terms, these
are small and are safely neglected .

The averaged budget equation for the SGS tempera-

ture varianceϑ = θ2 − θ2
reads (see Lilly, 1967, and

Deardorff, 1973, where the transport equations for the
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Figure 2: TKE, temperature variance TT, and vertical tem-
perature flux U3T from simulations HOM (blue curves) and
HET (red curves).

SGS quantities are considered in detail)

1
2

(

∂
∂t

+ 〈ui〉
∂

∂xi

)

〈ϑ〉 =

−

〈

τiθ
∂θ
∂xi

〉

−
1
2

∂
∂xi

(〈

u′′i ϑ′′
〉

+ 〈Tiϑ〉
)

−〈εθ〉 , (2)

whereTiϑ = uiθ2 − uiθ2 + 2
(

uiθ
2
−uiθ θ

)

is the SGS

triple correlation (SGS flux ofϑ), and εθ is the
temperature-variance dissipation rate.

The first term on the r.h.s. of Eq. (2) is re-arranged to
give

−

〈

τiθ
∂θ
∂xi

〉

=

−〈τiθ〉
∂
〈

θ
〉

∂xi
−

∂
∂xi

〈

θ′′τ′′iθ
〉

+

〈

θ′′
∂τ′′iθ
∂xi

〉

. (3)

Substituting (3) into (2), we obtain

1
2

(

∂
∂t

+ 〈ui〉
∂

∂xi

)

〈ϑ〉 =

−〈τiθ〉
∂
〈

θ
〉

∂xi
−

1
2

∂
∂xi

(

〈

u′′i ϑ′′
〉

+2
〈

θ′′τ′′iθ
〉

+ 〈Tiϑ〉
)

−〈εθ〉+

〈

θ′′
∂τ′′iθ
∂xi

〉

, (4)

where the first and the second terms on the r.h.s.
of Eq. (4) represent the mean-gradient production-
destruction and the transport of the SGS temperature



variance, respectively. These terms are similar in nature
to the the first and the second terms, respectively, on the
r.h.s. of Eq. (1) for the resolved-scale temperature vari-
ance. The last term on the r.h.s. of Eq. (4) is equal in
magnitude but opposite in sign to the last term on the
r.h.s. of Eq. (1). It may be referred to as the scale inter-
action term that describes the transfer of the temperature
variance between the resolved and the sub-grid scales.
Clearly, this term disappears if the total, i.e. resolved +
SGS, temperature variance is considered.

Adding Eqs. (1) and (4) yields the budget equation for

the total temperature variance
〈

θ′′2
〉

+ 〈ϑ〉. It reads

1
2

(

∂
∂t

+ 〈uk〉
∂

∂xk

)

(〈

θ′′2
〉

+ 〈ϑ〉
)

=

−
(〈

u′′i θ′′
〉

+ 〈τiθ〉
) ∂
〈

θ
〉

∂xi
−〈εθ〉

−
1
2

∂
∂xi

[〈

u′′i θ′′2
〉

+
〈

u′′i ϑ′′
〉

+2
〈

θ′′τ′′iθ
〉

+ 〈Tiϑ〉
]

. (5)

The terms on the r.h.s. of Eq. (5) are treated as approxi-
mations to the mean-gradient production-destruction, the
dissipation, and the transport terms in the ensemble-
mean temperature-variance budget equation. It should
always be remembered, however, that we deal with the
LES estimates that (presumably) tend to the ensemble-
mean budgets as the resolution is increased.

With due regard for the periodic boundary conditions
in x1 and x2 horizontal directions and zero horizontal-
mean vertical velocity〈u3〉, Eq. (5) is somewhat simpli-
fied to give the following temperature-variance budget
equation:

1
2

∂
∂t

(〈

θ′′2
〉

+ 〈ϑ〉
)

= −
(〈

u′′3θ′′
〉

+ 〈τ3θ〉
) ∂
〈

θ
〉

∂x3
−〈εθ〉

−
1
2

∂
∂x3

[〈

u′′3θ′′2
〉

+
〈

u′′3ϑ′′
〉

+2
〈

θ′′τ′′3θ

〉

+ 〈T3ϑ〉
]

. (6)

An approximation to the temperature-variance dissipa-

tion rate is computed as〈εθ〉 =
〈

KH
(

∂θ/∂xi
)2
〉

, where

KH is the SGS temperature conductivity. The SGS triple
correlation term〈T3ϑ〉 cannot be estimated from our LES
data and is treated as the budget imbalance. It is presum-
ably small.

The budget equations for the TKE and for the potential
temperature flux are derived in a similar way. With due
regard for the periodic boundary conditions in horizontal
directions, they read

∂
∂t

(

1
2

〈

u′′2i

〉

+ 〈e〉

)

=

−

[

(〈

u′′1u′′3
〉

+ 〈τ13〉
) ∂〈u1〉

∂x3
+
(〈

u′′2u′′3
〉

+ 〈τ23〉
) ∂〈u2〉

∂x3

]

+β3

(〈

u′′3θ′′
〉

+ 〈τ3θ〉
)

−〈ε〉

−
∂

∂x3

(

1
2

〈

u′′3u′′2i

〉

+
〈

u′′3e′′
〉

+
〈

u′′i τ′′i3
〉

+
〈

u′′3p′′
〉

+
1
2
〈T3ii 〉+ 〈u3p−u3p〉

)

, (7)

∂
∂t

(〈

u′′3θ′′
〉

+ 〈τ3θ〉
)

= −
(〈

u′′23

〉

+ 〈τ33〉
) ∂
〈

θ
〉

∂x3

+β3

(〈

θ′′2
〉

+ 〈ϑ〉
)

−

(

〈

θ′′
∂p′′

∂x3

〉

+

〈

θ
∂p
∂x3

−θ
∂p
∂x3

〉)

−
∂

∂x3

(〈

u′′23 θ′′
〉

+2
〈

u′′3τ′′3θ
〉

+
〈

θ′′τ′′33

〉

+ 〈T33θ〉
)

. (8)

Here, τi j = uiu j − uiu j is the SGS Reynolds stress,

e = τii/2 is the SGS TKE, andT3ii = u3u2
i −

u3u2
i + 2

(

u3u2
i −uiuiu3

)

and T33θ = u2
3θ − u2

3θ +

2
(

u2
3θ−u3u3θ

)

are the third-order SGS transport terms
(SGS fluxes of the SGS TKE and of the SGS tem-
perature flux). An estimate of the TKE dissipa-
tion rate 〈ε〉 stems from the SGS TKE equation car-
ried by the large-eddy model. An approximation to
the SGS pressure-gradient–temperature covariance is

computed as
〈

θ∂p/∂x3−θ∂p/∂x3

〉

= −〈τiθ∂u3/∂xi〉−
〈

τ3i∂θ/∂xi
〉

+ β3 〈ϑ〉 (see Mironov et al., 2000, and
Mironov, 2001, for details). Results from previous
studies suggest (Khanna, 1998; Mironov et al., 2000;
Mironov, 2001) that the SGS pressure term should be
added to the resolved-scale pressure term in order to
close the temperature-flux budget to a good order.

Notice that the third-order SGS transport termsT3ϑ
in Eq. (6) andT33θ in Eq. (8) cannot be estimated from
our LES data as these terms are not computed within the
SGS model. The third-order SGS transport term in the
TKE equation (7) can be estimated. However, it is the
entire transport term,12T jii + u j p−u j p, that is parame-
terised through the down-gradient diffusion approxima-
tion in the SGS TKE equation. Hence, it is impossible
to discriminate between the third-order transport and the
pressure transport of the SGS TKE by the SGS fluctuat-
ing motions.

The second-moment budgets from simulations HOM
and HET are shown in Figs. 3–5. The budget imbalance



is computed as the sum of terms on the r.h.s. of Eqs. (6)–
(8). In all budgets, the imbalance is small as compared
to the leading-order terms but is not entirely negligible.
Notice, however, that turbulence in our SBL flows is
never in a perfectly steady state. Continuous decrease
of the surface temperature causes continuous adjustment
of the SBL turbulence structure to changing static stabil-
ity. Then, the tendencies of the TKE, of the temperature
flux and of the temperature variance are likely the major
contributions to the imbalance of the respective budget,
whereas other contributions, e.g. due to sampling errors,
are small.

The TKE budgets from simulations HOM and HET
are shown in Fig. 3. In both cases, the budget is dom-
inated by the mean velocity shear and the dissipation
terms. The turbulent transport term is small over most of
the SBL, except in the near vicinity of the surface where
it is an energy sink. The major difference between the
two budgets is in the buoyancy flux. In the heteroge-
neous case, its magnitude is substantially reduced.

The budget of the vertical temperature flux, Fig. 4, is
maintained by the mean temperature gradient term, the
buoyancy term, and the pressure-gradient–temperature
covariance. The turbulent transport term is small in both
cases. The major difference between HOM and HET is
in the buoyancy term. In the heterogeneous case, it has
a pronounced maximum near the SBL top and, most no-
tably, it is very large near the surface.

The largest difference between HOM and HET is ex-
hibited by the temperature-variance budget, Fig. 5. In the
homogeneous case, the vertical flux of temperature vari-
ance is zero at the surface and at the SBL top. Hence, the
turbulent transport term, i.e. the divergence of the above
third-order flux, acts to redistribute the temperature vari-
ance in the vertical. It integrates to zero over the entire
SBL. In the heterogeneous case, the transport term does
not integrate to zero and is a net gain for the temperature
variance. This is only possible if the flux of temperature
variance is non-zero at the surface.

The expression for the vertical flux of temperature
variance in Eq. (6) reads

〈

u′′3θ′′2
〉

+
〈

u′′3ϑ′′
〉

+2
〈

θ′′τ′′3θ

〉

+ 〈T3ϑ〉 . (9)

The last term in Eq. (9) cannot be estimated from our
LES but is most likely small. The first two terms are
zero at the surface due to zero resolved vertical velocity
u3. The third term is zero in HOM since the surface is
homogeneous with respect to the temperatureθ. This
is not the case in HET where the surface temperature
varies in the streamwise direction. Surface temperature
variations modify local stability conditions thus modu-
lating the surface temperature flux, so thatθ andτ3θ are
correlated. Positive fluctuations of temperature about its

horizontal mean,θ′′ > 0, reduces local temperature gra-
dient, leading to a reduced magnitude of the downward
(negative) temperature flux, i.e.τ′′3θ > 0. And vice versa,

negative temperature fluctuations,θ′′ < 0, increase local
temperature gradient, leading toτ′′3θ < 0. Then,θ and
τ3θ appear to be positively correlated leading to a pos-
itive temperature-variance flux at the surface. It should
be stressed that the result cannot be obtained if the third-
order moment (flux of temperature variance) is estimated
on the basis of resolved-scale fields only, i.e. keeping
only the first term in Eq. (9).

The above analysis suggests the following qualita-
tive explanation of enhanced vertical mixing in the SBL
over a temperature-heterogeneous surface. Due to het-
erogeneity, the temperature variance near the surface
strongly increases. The temperature variance (multiplied
by the buoyancy parameter) enters the temperature flux
budget, Eq. (8), as the buoyancy production term. As
it acts to generate a positive (upward) temperature flux,
an increased temperature variance partially compensates
the mean gradient term that acts to generate a negative
(downward) temperature flux. As a result, the down-
ward temperature flux is reduced in magnitude. Since in
a quasi-steady SBL the vertical temperature flux is nearly
linear (see Fig. 2), a reduction occurs not only near the
surface but also over most of the SBL. In stable strat-
ification, the buoyancy flux (temperature flux times the
buoyancy parameter) is the sink term in the TKE budget,
Eq. (7). A reduced magnitude of the buoyancy flux as-
sumes that less energy is spent to work against the grav-
ity, leading to an increased TKE (Fig. 2) and more vigor-
ous mixing in the heterogeneous SBL as compared to is
homogeneous counterpart.

5. DISCUSSION

The above analysis suggests a key role of the tempera-
ture variance in turbulent mixing in a horizontally het-
erogeneous SBL. In order to incorporate the effect of
surface temperature heterogeneity, SBL turbulence mod-
els (parameterization schemes) should account for an in-
creased temperature variance near the surface and a non-
zero temperature-variance flux. Turbulence closures ap-
plied to the entire SBL should account for the above
effect in a physically meaningful way (e.g. through the
use of temperature-variance transport equation with a
physically sound parameterization of the third-order mo-
ment), but also the surface-layer flux-profile relation-
ships should be modified accordingly. The task is no-
toriously difficult, and the authors admit they have no
solution to this problem. There seems to be a way out,
however, which is perhaps less attractive than improved
flux-profile relationships but is quite reasonable from the
practical standpoint. The idea is to use a tile approach,
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Figure 3: The TKE budget from simulations HOM (left panel) and HET (right panel). Red curves represent the effect
of mean velocity shear, black – buoyancy, blue – dissipation, and green – the sum of third-order transport and pressure
transport. Thin dotted black curves show the budget imbalance.

-0.001 -0.0005 0 0.0005 0.001
0

100

200

300

Terms in the U3T budget (K m/s2)

x 3 
(m

)

-0.001 -0.0005 0 0.0005 0.001
0

100

200

300

Terms in the U3T budget (K m/s2)

x 3 
(m

)

Figure 4: Budget of the vertical temperature flux from simulations HOM (left panel) and HET (right panel). Red
curves represent the effect of mean temperature gradient, black – buoyancy, blue – pressure gradient-temperature
covariance, and green – third-order transport. Thin dottedblack curves show the budget imbalance.
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Figure 5: The temperature-variance budget from simulations HOM (left panel) and HET (right panel). Red curves
represent the effect of mean temperature gradient, blue – dissipation, and green – third-order transport. Thin dotted
black curves show the budget imbalance.

where several homogeneous parts with different surface
temperatures are considered within a host model grid
box and conventional surface-layer flux-profile relation-
ships are applied to each part. This approach is being
tested within the framework of a two-equation turbu-
lence model, which carries transport equations for both
the TKE and the temperature variance (E. Machulskaya,
personal communication). Results will be reported later.

A word of caution about the fidelity of LES as ap-
plied to the SBL is in order. Since turbulence in the SBL
is dominated by small-scale eddies and turbulent trans-
port in most of the boundary layer essentially depends
on the heat and momentum transfer near the surface, one
may argue that LES of SBL is uncertain, except perhaps
when the resolution is extremely high. The argument is
valid and caution is indeed required when interpreting
LES data on stably stratified flows. We believe, how-
ever, that our findings are grossly independent of possi-
ble LES uncertainties. For example, the third-order mo-
ment in the temperature-variance budget is large at the
surface in the simulation HET and is identically zero in
the simulation HOM. That is, we do not attempt to scru-
tinize a small difference of two large quantities, rather
we compare quantities whose magnitudes are drastically
different. Hence, the results should be qualitatively reli-
able, although the estimates of various turbulent quanti-
ties derived from LES may be somewhat uncertain in a
quantitative sense.

One more issue related to the heterogeneous flows
is the applicability of surface-layer flux-profile rela-

tionships in the LES. Sullivan et al. (1994) proposed
an SGS model where the horizontal-mean momentum
and temperature fluxes and the horizontal-mean pro-
files of velocity and temperature are forced to obey the
Monin-Obukhov surface-layer similarity. As the Monin-
Obukhov surface-layer flux-profile relationships are ap-
plicable to continuous turbulence over a homogeneous
surface, it would be incorrect to enforce the Monin-
Obukhov similarity in the horizontal-mean sense over a
temperature-heterogeneous surface. We therefore apply
the surface-layer relationships locally, i.e. point-by-point
in the LES. On the other hand, the Monin-Obukhov sim-
ilarity deals with the ensemble-mean quantities. Since
turbulence near the surface is small-scale, a grid vol-
ume between the surface and the first model level above
may contain a large enough ensemble of turbulent eddies
which effectively makes a grid-volume mean a fair ap-
proximation to the ensemble mean. This is not a priori
clear, however, so that some uncertainties remain. A pos-
sible way to improve the situation is to apply the surface-
layer relationships to the quantities averaged overn×n
grid points. The value ofn should be chosen by trials,
unless sound theoretical arguments can be adduced, so as
to provide a good approximation to the ensemble-mean
quantities, but it should still be small enough to avoid
detectable surface heterogeneity within the area ofn×n
grid points. A detailed consideration of the surface-layer
similarity as applied in LES of flows with heterogeneous
underlying surface is beyond the scope of the present
study (cf. Nakayama et al., 2004). It should be a sub-



ject for future work.
Note that our results are pertinent to the SBL with

weak to moderate static stability. Although the cases
HOM and HET are different in terms of the intensity of
mixing, turbulence in both cases is well developed. In
the future, a strongly stable boundary layer should be in-
vestigated, where turbulence over a homogeneous sur-
face tends to die out. A key question is whether tur-
bulence survives over a heterogeneous surface, and if
so, whether it generates appreciable vertical fluxes of
momentum and heat. The behavior of other turbulence
statistics in strongly stable regime is also of considerable
interest, e.g. if the surface flux of temperature variance
remains positive. LES may not be an appropriate tool to
study strongly stable regimes. DNS seems to be more
appropriate, at least to obtain qualitative answers to the
above questions.

One more important issue is the dependence of the
SBL mean and turbulence structure on the size of the sur-
face heterogeneity patterns. Stoll and Porté-Agel (2009)
found that the magnitude of the temperature difference
between the warm and the cold stripes has a pronounced
effect on the SBL structure, whereas the results proved
to be practically independent of the number of cold and
warm stripes. Therefore, we chose the simplest config-
uration with one warm stripe and one cold stripe. Test
runs with several warm and cold stripes (not shown)
corroborate the finding of Stoll and Porté-Agel (2009).
Recall that the flows in simulations of Stoll and Porté-
Agel (2009) and in our simulations are in the weakly
stable regime. Although the flows are stably stratified
in a global (horizontal-mean) sense, vertical temperature
gradient near the surface is negative in some regions of
the flow. Due to the advection of cold air over warm
surface, convective instability develops locally and con-
vective vortices are formed. It is in this weakly stable
regime that the results appear to be practically indepen-
dent of the number of stripes (and hence of the size of the
stripes relative to the domain size). In a strongly stable
boundary layer, where the flow is statically stable (al-
most) everywhere, turbulence is likely to be strongly af-
fected by internal gravity waves rather than vortices as in
a weakly stable regime. Then, it cannot be stated a priori
that the SBL structure would be grossly independent of
the size of the surface heterogeneity patterns. Investiga-
tion of this issue should be a subject for future work.

6. CONCLUSIONS

Idealized LES of two SBL flows driven by fixed winds
and homogeneous and heterogeneous surface tempera-
ture are compared. The LES data are used to com-
pute statistical moments of the fluctuating fields (mean
wind and mean potential temperature, second-order and

third-order turbulence moments, pressure-velocity and
pressure-scalar covariances), to estimate terms in the
second-moment budgets, and to assess the relative im-
portance of various terms in maintaining the budgets.
The budgets of TKE, temperature variance, and vertical
temperature flux are analyzed. As different from most
previous studies, the LES-based second-moment budgets
are estimated with due regard for the sub-grid scale con-
tributions. These contributions may be substantial, par-
ticularly in the SBL, and should be retained in order to
close the second-moment budgets to a good order.

We find the SBL over a heterogeneous surface is more
turbulent with larger TKE, is better mixed and is deeper
compared to its homogeneous counterpart. Perhaps the
most striking difference between the cases is exhibited
by the temperature variance and its budget. Due to sur-
face heterogeneity, the third-order moment, i.e. the ver-
tical flux of temperature variance, is non-zero at the sur-
face. Hence, the turbulent transport term (divergence of
the above third-order moment) not only redistributes the
temperature variance in the vertical, but is a net gain.
An increase in the temperature variance near the surface
helps explain a reduced magnitude of the downward tem-
perature flux and more vigorous mixing in the heteroge-
neous case.

Motivated by the LES results, possible ways to in-
corporate the effect of the sub-grid scale surface tem-
perature heterogeneity into the SBL turbulence models
(parameterization schemes), including the surface-layer
flux-profile relationships, are briefly discussed. One way
is to use a tile approach where several parts with different
surface temperatures are considered within a host model
grid box.

Acknowledgments.We thanks Vittorio Canuto, Sergey
Danilov, Evgeni Fedorovich, Vladimir Gryanik, Donald
Lenschow, Ekaterina Machulskaya, Chin-Hoh Moeng,
Edward Patton, and Jeffrey Weil for useful discussions.
The work was partially supported by the NCAR Geo-
physical Turbulence Program and by the European Com-
mission through the COST Action ES0905.

REFERENCES

Andrén, A., 1995: The structure of stably stratified at-
mospheric boundary layers. a large-eddy simulation
study,Quart. J. Roy. Meteorol. Soc., 121, 961–985.

Brown, A. R., S. H. Derbyshire, and P. J. Mason, 1994:
Large-eddy simulation of stable atmospheric bound-
ary layers with a revised stochastic subgrid model,
Quart. J. Roy. Meteorol. Soc., 120, 1485–1512.



Coleman, G. N., J. H. Ferziger, and P. R. Spalart, 1992:
Direct simulation of the stably stratified turbulent Ek-
man layer,J. Fluid Mech., 244, 677–712.

Deardorff, J. W., 1973: The use of subgrid trans-
port equations in a three-dimensional model of atmo-
spheric turbulence,J. Fluids Engineering, 95, 429–
438.
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