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1. INTRODUCTION

The effect of gravity-wave—mean-flow inter-
actions on the general circulation of the at-
mosphere is seen through numerous observed
phenomena, such as the quasi-biennial oscilla-
tion of the equatorial stratosphere. Our under-
standing of such interactions has been greatly
advanced in the past few decades by theoreti-
cal studies on wave instabilities in shear flows.
A mathematical difficulty that arises in the linear
theory of shear flows is that a singularity is gen-
erally present at the critical level where the mean
flow velocity is equal to the phase speed of the
waves. In the critical layer centered at such a
level, wave breaking and reflection may occur,
often leading to turbulence.

In the pioneering study of Booker and Brether-
ton (1967), upward propagating gravity waves
produced by a sinusoidal forcing encounter a
critical level where they are effectively absorbed.
The vertical flux of horizontal momentum, which
would be independent of height in the absence
of a critical level (Eliassen and Palm, 1960),
is reduced across the critical layer by a fac-
tor of exp {—2n(Ri. —1/4)}, where Ri. is the
initial Richardson number at the critical level.
Brown and Stewartson (1982) extended this lin-
ear analysis to later times when the nonlinear
effects become significant and concluded that,
ultimately, the critical layer becomes a reflector
of the incident waves.

Most theoretical studies of critical layers have
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been based on the assumption that the distur-
bance is periodic in the horizontal (zonal) direc-
tion. Although this may be appropriate for large
scale disturbances in the stratosphere, Brunet
and Haynes (1996) point out that a zonally pe-
riodic forcing is less realistic in the troposphere.
This is particularly true for the case of gravity
waves forced by topography, which would in re-
ality be of finite extent only.

Bacmeister and Pierrehumbert (1988) studied
gravity waves forced by flow over a horizontally
localized obstacle. They observed that the ab-
sorbing state of the critical layer could continue
even into the nonlinear regime. This was be-
cause, in their simulations, the discontinuity in
the vertical momentum flux across the critical
layer was balanced by a change in the horizon-
tal momentum flux across the region above the
obstacle, so that there was zero net flux into this
region. This is the same scenario that was later
suggested by Brunet and Haynes (1996) in their
study of the related problem of the nonlinear
critical layer for horizontally propagating Rossby
wave packets. It was also observed in the non-
linear numerical simulations of the Rossby wave
packet critical layer carried out by Campbell and
Maslowe (2001). In this presentation, the nonlin-
ear gravity wave packet critical layer is examined
and the results contrasted to those obtained in
the case of a monochromatic forcing.

2. RESULTS

The numerical experiments here are de-
scribed in more detail in Campbell (2000). Fi-
nite differences and a pseudo-spectral method



are employed to solve equations for the pertur-
bation streamfunction, vorticity and density on
a rectangular domain. The background flow
varies with height only. 2z and z represent non-
dimensional latitude and height respectively. A
wave packet of the form e=#’’¢ik® (1, = a small
constant) is forced at z = 0 and propagates up
to the critical level located at z = 5. The upper
boundary of the domain is at z = 10.

Experiments with monochromatic forcing (4 =
0) are also carried out. In both cases, the dis-
turbance is almost completely absorbed at the
critical layer at early times; later, nonlinearity
leads to overturning density and vorticity con-
tours in the critical layer. According to the nonlin-
ear critical layer theory of Brown and Stewartson
(1982), one would expect this to occur when the
non-dimensional time ¢ ~ O(s~2/3), where ¢ is
a non-dimensional parameter that gives a mea-
sure of the amplitude of the waves at the forced
boundary relative to the mean flow. It is seen
that the horizontal localization delays the onset
of this nonlinear breakdown; in the figure shown
below, the vorticity contours have not yet over-
turned although e = 0.05 and ¢ = 30. An out-
ward flux of momentum is observed in the critical
layer so that the horizontal extent of the region
over which the packet interacts with the mean
flow increases in time.
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Figure 1: Vorticity contours in the critical layer

The effect of a horizontally localized forcing on
the interactions in a Rossby wave critical layer
has also been examined. Those results will be
presented at the Wave Phenomena Ill confer-
ence in Edmonton next week.

Acknowledgements. This presentation de-
scribes work that | carried out for my Ph.D. at
McGill University under the supervision of S.A.
Maslowe. | wish to acknowledge his guidance
and advice. | am also grateful to the Zonta In-
ternational Foundation for financial support in
the form of two Amelia Earhart Fellowships | re-
ceived during my doctoral studies and to T.G.
Shepherd for support at the present time.

REFERENCES

Bacmeister, J.T., Pierrehumbert, R.T., 1988: On
high-drag states of nonlinear stratified flow
over an obstacle, J. Atmos. Sci., 45, 63-80.

Booker, J.R., Bretherton, F.P., 1967: The critical
layer for gravity waves in a shear flow, J.
Fluid Mech., 27, 513-539.

Brown, S.N., Stewartson, K., 1982: On the non-
linear reflexion of a gravity wave at a critical
level, Part 3, J. Fluid Mech., 115, 231-250.

Brunet, G., Haynes, PH., 1996: Low-latitude
reflection of Rossby wave trains, J. Atmos.
Sci., 53, 482-496.

Campbell, L.J., 2000: Nonlinear critical layer
development of forced wave packets in
geophysical shear flows, McGill University
Ph.D. thesis, 134 pp.

Campbell, L.J., Maslowe, S.A., 2001: A nu-
merical simulation of the nonlinear critical
layer evolution of a forced Rossby wave
packet in a zonal shear flow, Mathematics
and Computers in Simulation, 55, 365-375.

Eliassen, A., Palm, E., 1961: On the transfer of
energy in stationary mountain waves, Geo-
phys. Publ., 22, 1-23.



