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1. Introduction 
 
The fundamental characterization of rain microphysics is 
through the raindrop size distribution (DSD).  Microphysical 
processes of evaporation, accretion, and precipitation rate are 
all related by the DSD.  Most parameterization schemes used 
in numerical weather prediction were developed (Kessler, 
1969) on the assumption of an exponential distribution of 
raindrops, written as 
 

0( ) exp( )N D N D= !" ,  (1) 
 

where the slope parameter Λ relates to a characteristic size of 
the raindrops such as the mean diameter (<D>) or median 
volume  diameter (D0).  N0 is an intercept parameter, which 
was fixed at 10000 m−3 mm−1 by Kessler. When  N0 = 8000 
m−3 mm−1, Eq. (1) becomes the Marshall−Palmer (M-P) drop 
size distribution (Marshall and Palmer, 1948).  For the M-P 
DSD model and Kessler’s parameterization scheme, 
microphysical processes for evaporation rate (Re in g m-3 s-1) 
for a unit water vapor saturation deficit, accretion rate (Rc in 
g m-3 s-1) for a unit cloud water content, and mass-weighted 
terminal velocity (Vtm in m s-1) can be represented in terms of 
rain water content (W in g m-3) as follows 
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The radar reflectivity factor at horizontal polarization (ZH in 
mm6 m-3) is related to water content by 
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Although there have been some modifications, e.g., Klemp 
and Wilhelmson (1978), and Lin et al. (1983), this simple 
approach to model parameterization, called a Kessler-type 
scheme, is still widely used in mesoscale models. The 
problem with fixed-intercept parameterizations is that the rain 
water gets redistributed into smaller drop categories as the 
drop spectra slope parameter increases, thus accelerating the 
process of rain water removal through evaporation.  Rainfall 
rate cannot be accurately estimated with a R-Z relation 
derived from the M-P DSD model (Wilson and Brandes 
1979), having estimation error of 50%.  Another issue with 
the M-P model is the convergence problem which occurs in a 
four-dimensional data assimilation (4D-Var) system, due to 
the highly nonlinear nature of expressions such as Eqs (2) 
and (4), the minimization of the cost function tends to have 
convergence problems (Sun and Crook, 1997). 
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The gamma distribution has been used to improve the 
characterization of rain DSDs over the exponential 
distribution (Ulbrich, 1983). Recent disdrometer observations 
indicate that rain DSDs can be represented by a constrained-
gamma (C-G) distribution model (Zhang et al. 2001). The C-
G model was developed for retrieving rain DSDs from 
polarization radar observations. The procedure is to 
determine the three parameters of the gamma distribution 
from radar reflectivity, differential reflectivity, and a 
constraining relation between the shape and slope of the 
distribution. It has been shown that the C-G model 
characterizes natural DSDs better and leads to more accurate 
retrievals than that with a two parameter exponential model 
and with a variable N0 (Brandes et al. 2003). The C-G rain 
DSD model allows accurate rainfall estimation and detailed 
study of storm microphysics (Brandes et al., 2005; Zhang et 
al., 2005). 
 
In this paper, we apply the constrained-gamma DSD model to 
the microphysical parameterization in a cloud model and 
evaluate the impact of the parameterization scheme on the 
initialization and forecasting of storms 
 
2. Parameterization of rain microphysics based on 
constrained-gamma DSD model  

 
The constrained-gamma DSD model consists of a gamma 
distribution in the form (Ulbrich,  1983) 
 

0( ) exp( )N D N D D
µ= !"     (6) 

 
[where N0 (mm–1–µ m–3) is a concentration parameter,  µ  is a 
shape parameter, and Λ (mm–1) is a slope parameter]  and a 
constraining relation between µ  and Λ given by 
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Relation (7) was derived from 2-D video-disdrometer 
measurements made in Florida (Zhang et al. 2001) and has 
been verified by data collected in Oklahoma (Brandes et al. 
2003).  It has been shown that (7) characterizes natural rain 
DSD variations quite well and applies to both convective and 
stratiform DSDs except for that at leading edges of 
convective storms and drizzle rains.  Fine tuning for 
geographical locations/climatology with further observations 
may improve the model results.  
 
The constrained-gamma DSD model represented by (6) and 
(7) is essentially a two-parameter model much like the 
exponential distribution or a gamma distribution with a fixed 
µ. The difference, however, is that the constrained-gamma 
DSD model is capable of describing a variety of drop-size 
distributions with different spectral shapes:  concave upward 
shape for a broad distribution versus convex for a narrow 
distribution on a semi-logarithm plot.  Because µ  and Λ 
jointly describe the DSD shape, the characteristic size (e.g., 
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median volume diameter D0) and the spectrum width are 
related.  This makes physical sense because, except at the 
leading edge of some convective storms, large raindrops are 
usually accompanied by small drops, which leads to a broad 
spectrum.  On the other hand, small and medium size 
raindrops are not necessarily accompanied by large drops, 
e.g., stratiform and light convective rain DSDs. A µ  - Λ (or µ  
- D0) relation allows better characterization of the raindrop 
size/spectrum width dependence than a fixed distribution 
shape without increasing the number of parameters.  A fixed 
µ is a special µ  - Λ relation, e.g.; an exponential distribution 
(µ = 0). 
 
The µ  - Λ relation facilitates the reliable retrieval of the 
gamma DSD parameters (N0, µ, and Λ) from polarization 
radar measurements of radar reflectivity factor (ZH) and 
differential reflectivity (ZDR). Once the rain DSD is known, 
rain microphysical processes can be estimated.  The 
constrained- gamma DSD model with two independent 
parameters can be used to derive rain physical parameter and 
microphysical processes: water content (W in g m-3), 
evaporation rate (Re in g m-3 s-1), accretion rate (Rc in g m-3 s-

1) and mass-weighted terminal velocity (Vtm in m s-1) 
Following Kessler’s parameterization procedure, the 
microphysical process parameters are derived (Zhang et al., 
2005) by integration of the gamma DSD (6).  
 
For convenience, the C-G parameterization are expressed in 
terms of ZH and ZDR   as  
 
 

! 

W = Z
H
"10

(0.229ZDR
2
-1.212ZDR -3.232) (8) 

! 

R
e

= Z
H
"10

(0.322ZDR
2
-1.649ZDR -6.298)  (9)

 

! 

R
c

= Z
H
"10

(0.238ZDR
2
-1.293ZDR -5.448)  (10)

 

! 

V
tm

= "0.592Z
DR

2
+2.870Z

DR
+3.573  (11)  

  
Eqs. (8)-(11) are obtained by fitting W/ZH, Re/ZH, Rc/ZH and 
Vtm to polynomial functions of ZDR.  The fitting results are 
shown in Fig. 1.  The discrete points are calculations from  
disdrometer data collected in east-central Florida during the 
summer of 1998 field program (PRECIP98) (Zhang et al. 
2001; Brandes et al. 2003). The ratios Re/ZH and Rc/ZH  
decrease as ZDR increases except for Re/ZH  at large ZDR 
because ZDR is related to droplet size and the total surface 
area and cross section associated with evaporation and 
accretion are smaller for DSDs dominated by large raindrops 
(large ZDR) than for small drops at the same ZH.  The 
flattening of Re/ZH at  large ZDR is due to the fact that large 
ZDRs usually occur in storm centers where DSDs typically 
have a broad distribution with large numbers of small drops.  
 
3. Simplified constrained-gamma model parameterization 
 
Bulk model parameterization in most numerical simulations 
using the M-P DSD model is typically based on only one 
parameter, liquid water content or water mixing ratio. To 
apply the C-G model parameterization, (8)-(11), in a bulk 
model, we need to reduce the two-parameter model to a 
single parameter.  It is noted that for rain the radar 
measurements of reflectivity and differential reflectivity are 
statistically related.  Analysis of the PRECIP98 dataset leads 
a mean relation (Zhang et al. 2005) 
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where ZH is in dBZ and ZDR is in dB.   
 
Based radar retrieval, the microphysical process parameters 
are expressed as function of rain water content as  
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The simplified C-G (S-C-G) parameterization scheme of 
(13)-(15) can be applied to any numerical weather model 
with microphysics characterized by a single parameter, that 
is, by bulk water content or rain water mixing ratio. Rain 
water estimates from radar reflectivity using the S-C-G 
model with (8) and (12) and the M-P model (5) are compared 
in Fig. 2.  Calculations with disdrometer data are also shown 
for reference.  It is seen that the two estimated water contents 
agree for the medial radar reflectivity values at which most 
rain falls, but the S-C-G DSD model allows a larger dynamic 
range of water content and gives a smaller water content for 
weak radar reflectivity (stratiform rain) than the M-P model.  
The S-C-G model results agree with disdrometer observations 
better than the M-P model. 
 
Figure 3 shows the spatial distributions of the rain 
microphysical process parameters estimated from NCAR’s 
Spol radar measurements using the C-G, S-C-G, and M-P 
models.  The polarization radar is located at (-9km, -25km) 
from the origin.  The radar measurements of reflectivity and 
differential reflectivity were collected at 0.5 degree of 
elevation.  In general, the C-G model gives a larger dynamic 
range, and more detailed features, and larger spatial 
variations for Re and Rc than the M-P model.  Results for the 
S-C-G model are between that for the C-G and M-P models.  
The M-P model overestimates evaporation by about three 
times for the stratiform rain in the upper-right corner of the 
images.  The S-C-G model gives stratiform rain evaporation 
close to that of the C-G model. 
        
4. Application of the S-C-G parameterization in model 
forecasting   
 
 The parameterization scheme (13)-(15) was implemented in 
the warm cloud model (Sun and Crook, 1997) and the 
Weather Research Forecast (WRF) model (Hong et al. 2004). 
The cloud model, Variational Doppler Radar Analysis 
System (VDRAS), is chosen for our study because it has a 
4D-Var radar data assimilation system for model 
initialization.  
 
The simulation domain with the VDRAS is a region of 140 
×140×15 km3 with 70 ×70×30 grid points.  .  The cloud 
model is initialized by assimilating radar data from the 
Melbourne, Florida WSR-88D (KMLB).  Thunderstorms 
examined here formed in central Florida on 2 September as 
part of an outer rainband associated with hurricane Earl.  
Three volumetric datasets at 2310, 2315, and 2320 UTC, 
when the storms were most intense, are used for model 
initialization with the 4D-Var technique. Radar reflectivities 
(ZH > 5 dBZ) were converted to rain water contents using (8) 
and (12) for the S-C-G model and (5) for the M-P model.   
The first guess (and background) of the 4D-Var data 
assimilation is from a sounding released at 1900.  
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The initial conditions were found iteratively until a step 
change of the cost function fell below a threshold value. It 
took 117/105 iterations for the S-C-G/M-P models.  The 
initial condition from the 4D-Var was then used to make 
forecasts with S-C-G and M-P microphysical 
parameterizations.  Fig. 4 shows comparisons of rain water 
content estimated from radar measurements and model results 
at the first level for 30-min forecast (2350 UTC). The 
forecast results are shown by a threshold of W > 0.001 g m-3. 
The up-left panel is the water content estimated from 
polarization radar (S-Pol) measurements of Z and ZDR using 
Eq. (8). The up-right is reflectivity-based rain water estimates 
from KMLB radar with Eq. (5). The S-C-G model forecasted 
water contents are consistent with the S-Pol radar estimates 
from reflectivity and differential reflectivity.  The M-P model 
results do not agree with radar estimates from either dual-
polarization measurements or reflectivity only.  Clearly, the 
S-C-G forecasts agree with radar estimates better than the M-
P model in terms of both coverage and intensity.  
 
 The model rain water contents are converted to radar 
reflectivities by solving inversion problems of (8) and (12) 
for S-C-G model and (5) for the M-P model (using the two 
curves in Fig. 2).  Fig. 5 shows the reflectivity results for the 
initialization time (2320 UTC) and for 30-minute forecasts 
(2350 UTC, respectively). The retrieved wind field at the 
initialization time and the forecast wind are overlaid on the 
reflectivity field. The left (right) column presents results for 
the S-C-G model (M-P model) parameterization. The radar 
observations are shown in the middle column for comparison.   
Fig. 5a is the results at the first model level (0.25 km above 
ground).  
 
Our results suggest that the S-C-G model parameterization 
has several advantages over the M-P DSD model.  Stratiform 
precipitation in the upper-right corner is better represented in 
the model initialization and is better preserved in the 
forecasts.  This is because the S-C-G parameterization leads 
to smaller evaporation and accretion rates, as discussed in the 
previous section.  Also, the linearity at low evaporation (a 
constant derivative) with the S-C-G model allows better 
convergence in the minimization and a more accurate fit with 
observations. The S-C-G model forecasts of convective cores 
(intensity) agree with radar observations better than the M-P 
model.  The M-P model tends to over-predict rain intensity in 
the storm core while under-forecasting the total storm 
coverage due to a rapid decay of the stratiform rain.  The 
difference in the predicted reflectivity values is due to over-
predicted water contents by the M-P model and different W-Z 
relations used in the S-C-G and M-P model.  Perhaps this is a 
result of higher evaporation in convective storm cores with 
the S-C-G model.  
 
To show the vertical structure of the storm, results at y = -30 
km at initialization and for 30-minute forecasts in Fig. 5b are 
plotted.  A radar bright-band was not evident in this warm 
rain system.  Both the S-C-G and M-P model initializations 
have background residual precipitation in the left-hand 
portions of the images, but the S-C-G model initialization and 
forecasts agree with observations better than the M-P model 
for rain aloft and near the ground.  The high evaporation rate 
in the M-P model parameterization causes fast decay of rain 
with low water content and prevents some stratiform rain 

from reaching the ground. The S-C-G model results are more 
accurate and reasonable in characterizing the spatial 
precipitation distribution and storm evolution than the M-P 
model.  
   
Figure 6 shows a preliminary study with WRF model. The 
WRF single moment 6-class (WSM6) scheme is modified to 
accommodate the S-C-G model for rain terms.  A 2-
dimensional simulation of a squall line was ran with WRF 
and shown in the figure.  The forecasts using the S-C-G 
model and M-P model are different.  Further study such as 
modification to ice/mixed-phase microphysics is needed to 
see the impact of observation-based model parameterization 
on numerical forecast.  
 
5. Summary and discussion 
 
This paper presents a parameterization scheme for rain 
microphysical processes based on a constrained-gamma DSD 
model developed from disdrometer and polarization radar 
observations.  The C-G DSD model yields smaller 
evaporation and accretion rates as well as their derivatives 
than the M-P model for stratiform rain, and higher Re and Rc 
in the core regions of convective storms.  The C-G model 
parameterization was further simplified to a single-parameter 
scheme (S-C-G) in which the microphysical process 
parameters are expressed by polynomial functions of rain 
water content. The exponent polynomial form has better 
performance (continuity and linearity) at lower water 
contents than the power-law form of the M-P model.  The S-
C-G model parameterization produces better variational 
analysis for model initialization and better short-term 
forecasts for warm rain processes by (i) preserving the 
stratiform component of the precipitation and (ii) predicting 
the intensity of convective cores more accurately than M-P 
model parameterization.  This is because the S-C-G model 
yields less (more) evaporation and accretion than the M-P 
model at low (high) rain water content.  
 
Accurate microphysical parameterization based on advanced 
measurement techniques such as polarization radar 
observations and disdrometer measurements is highly 
desirable and feasible.  Because radar provides large 
coverage weather observations and a 2-D video disdrometer 
measures “ground-truth”, a combination of polarization radar 
and disdrometer measurements makes observation-based 
model parameterization reliable and useful. Future work will 
be on applying the C-G parameterization to a two-moment 
numerical weather model so that both radar reflectivity and 
differential reflectivity are used to characterize rain 
microphysics, to initialize the model, and to verify the 
forecast.   
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Fig. 1: Dependence of rain microphysical process parameters 
(Re, Rc, and Vtm) on median volume diameter (D0) for 
constrained-gamma (C−G) DSDs.  The discrete points are 
estimates from disdrometer measurements.  Re and Rc are in g 
m-3 s-1, W in g m-3 and Vtm in m s-1.  

 
Fig. 2: Comparison of rain water content estimates using the 
simplified constrained-gamma     (S-C−G) and 
Marshall−Palmer (M−P) DSD models. 
 

 
Fig. 3: Comparison of rain physical process parameters 
between S-C-G DSD and M-P DSD model. Re and Rc are in g 
m-3 s-1, and Vtm in m s-1. 
 

 
Fig. 4:  Comparison of rain water content (g m-3)  between 
radar estimates and model forecasts for the first level at 2350 
UTC (30-min forecast). 
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(b) 

Fig. 5: Comparison of reflectivity factors of numerical 
weather forecasts based on the S-C-G (left column) and M-P 
(right column) model parameterizations as well as radar 
observation (middle column). Rows show the model and 
observed reflectivity at initialization (2320 UTC) and for 30-
minute forecasts (2335, and 2350 UTC). (a) first level.; (b) 
vertical profiles  at y = 30km.  
 
 

Figure 6: Simulations of 2D squlline with WRF model using 
parameterization schemes associated with S-C-G and M-P 
DSD model. 
 


